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I. Introduction

Two-dimensional exchange spectroscopy (1-4) has
become a very popular tool for the study of dynamic
processes in liquids. Originally, chemical exchange
(1,5) and cross-relaxation (6,7) were considered to
be separate processes. Interference between the two
processes (chemical exchange and cross-relaxation)
was recognized early (7), but active treatment of
the problem (8) was possible only following the de-
velopment of exchange spectroscopy in the rotating

1Author to whom correspondence should be sent.
Present address: Harvard Medical School, Department of

Biological Chemistry and Molecular Pharmacology, Boston,
MA 02115

frame (9,10). Subsequently, a full class of exchange
experiments has been developed that enable the two
processes to be identified and separated (11-13).

Two-dimensional cross-relaxation spectroscopy
in the laboratory frame (NOESY) and in the rotat-
ing frame (ROESY) have taken experimental prece-
dence over 2D chemical exchange spectroscopy be-
cause information from cross-relaxation provides the
basis for the determination of structures of macro-
molecules in solution (14). The basic tenet of the
original method for structure determination from
NOE data is that the macromolecule is rigid. How-
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ever, many macromolecules have internal mobility
in forms that produce chemical exchange artifacts
in cross-relaxation spectra.

If misinterpreted, chemical exchange effects can
degrade calculated structures by distorting input
distances. When chemical exchange rates are com-
mensurate with cross-relaxation rates, then they can
only be recognized and evaluated from their direct
effects on cross-peak volumes. Chemical exchange
effects contribute to the volumes of corresponding
cross peaks, and, if not identified, lead to under-
estimation of interproton distances. This direct ef-
fect, however, is easy to identify. Whenever chem-
ical exchange is much faster than cross-relaxation,
the indirect effects of chemical exchange also must
be considered (15). When k >> o (where k is the
chemical-exchange rate constant, and a is the cross-
relaxation rate constant) chemical exchange acts
as a short-circuiting device for magnetization ex-
change. It transfers magnetization between chemi-
cally exchanging spins instantly, compared to cross-
relaxation. Chemically exchanging spins become in-
volved in cross-relaxation with their spatial neigh-
bors; thus chemical exchange partners can enter into
cross-relaxation networks that are spatially distant.
In NOESY spectra, a chemical exchange pathway
acts like any other cross-relaxation pathway. An
important difference, however, is that chemical ex-
change is physically unrelated to cross-relaxation
and, therefore, chemical exchange rates can easily
exceed cross-relaxation rates by orders of magni-
tude. This possibility that a competing magnetiza-
tion exchange pathway can occur at a rate up to two
orders of magnitude faster than the one one wishes
to measure, drastically changes the way the system
can be approximated in the analysis. Except for full
matrix analysis (FMA), all approaches use (implic-
itly or explicitly) some degree of approximation.

The most widely used approach for structural
studies of proteins is the initial-build-up rate ap-
proximation. Chemical exchange effects can lead to
serious problems in such an analysis. For example,
when k >̂ a the initial-build-up rate approxima-
tion may be valid only for extremely short mixing
times (krm < 1). However, under these conditions,
the intensities of regular cross-relaxation cross peaks
become vanishingly small. The initial-build-up rate
approximation holds for cross-relaxation magnetiza-
tion transfer rates such that arm < 1. If chemical

exchange is rapid, however, this approximation will
break down for spins involved in chemical exchange
since then krm > 1. Ignorance of this breakdown
in the initial-build-up rate approximation can intro-
duce serious errors in the determination of interpro-
ton distances.

Full matrix analysis (FMA) theoretically does
not depend on the magnitude of dynamic matrix
elements. However, when the nature of experimen-
tal errors is taken into account, one recognizes that
FMA is as vulnerable as any other method. For ex-
ample, when krm > 1 the cross and diagonal peaks
corresponding to direct processes are of similar mag-
nitude, and, if their difference is within experimental
error, k cannot be determined properly. Chemical
exchange leads to the equalization of the intensi-
ties of cross peaks affected by the exchange process.
If the intensity (volume) differences are less than
the experimental errors, full matrix analysis fails
(16,17). Another difficulty with full matrix anal-
ysis is that it requires the knowledge of the intensi-
ties of all cross and diagonal peaks, which in many
instances are unavailable. Another disadvantage is
that FMA does not allow partial analysis of the ex-
change network.

The similar effects of fast magnetization trans-
fer that arise from strong cross-relaxation (spin
diffusion) are already well recognized (16,18-20).
The combined effects of cross-relaxation and chem-
ical exchange have been described theoretically
and demonstrated experimentally in relation to
the transferred nuclear Overhauser effect (TRNOE)
(21-26). Also, the influence of internal mobility on
the accuracy of a protein structure determination
has been demonstrated experimentally (15).

II. Theory

Chemical exchange and cross relaxation are in-
coherent magnetization transfer processes driven by
random molecular motion. The transfer can be de-
scribed by a system of N coupled linear differential
equations (3,27)

dm(rm)
drm

with the formal solution

= Lm(rn

m(rm) = exp(Lrm)m(0)

(1)

(2)
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Figure 1: Two-spin systems composed of two groups of equivalent spins:
a) The magnetization exchange network consists of two spin groups with populations (ni = na, n2 = nt,) and
exchange rates (niLi2 = n2L2i).
•b) An experimental example: water protons in chemical exchange and/or cross relaxation with a hydroxyl
proton of a protein.
c) Build-up curves for ni = 1, 2, 3 and n2 = 1, 2, 3. Diagonals start from the integer equal to nx- The
numbers indicate the values of ni and 112. Cross-peaks start from zero with slopes proportional to nix n2-
d) Two ways of normalizing cross- and/or diagonal-peak volumes provide useful means of obtaining magne-
tization exchange rate constants per single spin, Lo- In the first

a n
1 2 (nx+ n 2 ) ( a n - 2n1n2

the initial linear slope extends to much longer mixing times than that of ai2 itself (Figure lc) and is propor-
tional to Lo, irrespective of the number of spins involved. In the second,

an 1 21
hn2 112

the curves start from different levels, a"1(0) = 2/(ni + n2), but have the same initial slope —Lo.
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The vector m has elements niXjirii, where rii is the
number of equivalent spins, x; is the mole fraction,
and m; is the deviation from thermal equilibrium
of magnetization at site i. The dynamic matrix L
contains all information about exchange rates in a
given system. In general, L is a linear combination
of the kinetic matrix, K, and the relaxation matrix,
R

L = K-R
or, in scalar form,

Ly — ky <7;j

(3)

(4)

where ky is the chemical exchange rate constant and
cry is the cross-relaxation rate constant for the mi-
gration of magnetization between sites i and j . One
should note that in the spin-diffusion limit, the two
processes are additive since cry < 0. Eqns. 2 and
3 are quite general and can describe magnetization
exchange in arbitrarily complex systems. They eas-
ily can be implemented in numerical calculations
and represent the basis for the method of full ma-
trix analysis (18-20,28-33). In order to obtain bet-
ter insight into the influence of chemical exchange
(or fast magnetization transfer in general) on the
determination of cross-relaxation (which inherently
is a slow to moderately fast process), we focus on
two-, three-, and (a few simple) four-spin systems for
which eqn. 2 can be solved explicitly. For simplic-
ity, build-up curves, ay(rm) (where ay(rm) are cross
peak volumes in the NOESY spectrum and rm is the
mixing time), are calculated under the condition of
the ideal spin-diffusion limit. Cross-relaxation is as-
sumed to be independent of the overall relaxation.
External relaxation can be included by multiplying
all aij(rm) expressions by exp(—pexrm), where pex is
the external relaxation rate.

1. Two Groups of Equivalent Spins
Here we consider the simple case of an isolated sys-

tem of two groups of equivalent spins (Figure la).
They have different equilibrium populations, ni and
n2, and consequently different exchange rate
constants, L12 ^ L2i. At equilibrium, the magneti-
zation transfer rate 1 —> 2 is the same as the rate
2 -> 1, i.e.:

or in other words, the exchange rates per single spin
are equal:

L12 _ L21
n2 ni

= Lo (6)

The exchange matrix is

L = ( ~ki2 L21
\ L12 — L21

or with regard to eqn. 6

-n 2
n2

(7)

(8)

The population matrix is

m(0) = m0
0

V 0 n 2

Eqn. 1 can be solved easily, and one obtains (7)

(9)

= n2L2 i

an(rm) = — ~ ~ \ ~ + exp[-(ni+n2)Lorm]>ni+n2tn2 J
(10a)

, v nin2 fn2 r , . ,1
a22(rm) = —-—<—.-t-exp-(ni-r-n2)Lorni ]\

ni+n 2 Ui J
(10b)

- exp[-(ni+n2)Lorm]}
(10c)

Eqns. 10 express the time evolution of cross- and
diagonal-peak volumes, ay, in a 2D exchange ex-
periment recorded with the mixing time rm. One
should note that the apparent build-up rates (Fig-
ure lc) increase as the number of spins involved
in the exchange process increases, although the ex-
change rate constant per single spin, eqn. 6, remains
the same. Useful transformations, from which one
can obtain Lo in a convenient way, are shown in
Fig. Id.

With regard to the mechanism of magnetization
exchange, there are three different cases: Lo = k,
Lo = a, and Lo = k —a; only the last one (com-
bined cross relaxation and chemical exchange) is
of interest here. Since the two processes, chem-
ical exchange and cross-relaxation, take place in
parallel, they cannot be identified or separated by
data manipulation. However, they can be identi-
fied (Lo = k or Lo = a) by comparing the results of

(5) exchange experiments performed in the laboratory
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Figure 2: Three-spin systems:
a) Magnetization exchange networks. Single lines indicate cross-relaxation and double lines chemical exchange
pathways.
b) Typical example - (doubly deuterated) tyrosine ring and arbitrarily placed third proton.
c) Build-up curves, a23(rm), a33(rm) according to eqns. 14c and 14f. Numbers represent the ratio 012/̂ 23 with
O"13 = 0 .
d) Build-up curves for ai2(Tm) and ai3(rm), according to eqns. 14a and 14b (solid lines). Dotted lines represent
build-up curves of cross peaks in the limit where <Ti2/k23 —> 0, according to eqns. 18. Again, numbers on
each solid line represent the ratio 012^23. With increases in either the chemical exchange rate constant or
the mixing time, cross-peak volumes ai2(rm) and ai3(rm) converge toward their average value l/2[a^2(Tm) +
(a^3(Tm)], as shown by eqn. 18a.

frame (NOESY) and in the rotating frame (ROESY)
(8). Cross-relaxation can be eliminated from chem-
ical exchange by a modified NOESY experiment
(clean-EXCSY) (11,12). The clean-EXCSY spec-
trum contains contributions from only chemical ex-
change while cross-relaxation is completely elimi-
nated. Then, the cross-relaxation can be evaluated

by "subtraction" of the chemical exchange part from
a normal exchange (NOESY) spectrum. An alterna-
tive experiment, which directly eliminates the effects
of a selected chemical exchange pathway, has been
proposed recently (17). Its main limitation is that it
eliminates chemical exchange paths originating from
one selected spin only. In spite of this, the exper-
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iment can be of great value for the study of cross-
relaxation between water and protein protons (34-
37). With exchangeable protein protons (OH, NH)
water protons exhibit cross-relaxation and chemical
exchange simultaneously. Separation of the two ef-
fects is crucial for the proper placement of water
molecules in and around a protein molecule.

2. Three-Spin Systems
A three-spin system is the simplest system

that exhibits the problem of indirect magnetization
transfer. This effect has been studied extensively
by quadratic approximation (7), full matrix simu-
lations (18,20), or partial analytical solution (16).
Here we give explicit expressions for magnetization
exchange in a three-spin system as revealed by 2D
exchange spectroscopy.

Representative magnetization exchange net-
works in a three-spin system are depicted in Fig-
ure 2a. The exchange matrix for a general three-spin
system with magnetization exchange rate constants
L12, L13, and L23 is

L12
— (L12 + L23)

L23

It has the general solutions

A3

A2 — A3

'Lij + A2

exp(A2rm)

\ 7
A3 — A2

exp( A3rn (12a)

au(rm) = -
ij + Lik) + 2A3

, \
A3 — A 2

3(Lij + La) + 2A2
J [

exp(A2rm)

. [ e x p ( A 3 r m ) (12b)
A2 - A3 J

where

Ao 3 = - L12 + L13 + L23

±\
'(L12 - L 1 3 ) 2 + (L1 3 - L 2 3 ) 2 + (L 2 3 - L12)2

= 1,2,3, (13)

Again, overall relaxation has been neglected. If
all the spins have the same (external) relaxation
rate, p, then this can easily be taken into account
by multiplying each aij with exp(—prm).

Eqns. 12 describe magnetization transfer in an
arbitrary three spin system. However, these equa-
tions are complicated, and many relevant proper-
ties are not immediately obvious from them. For
the sake of clarity, we consider a special three-spin
system where L12 = <r, L23 = k, and L13 = 0. Then

3<Ji2 + A3
A2 — A3

A2

exp(A2rm)

A3 — A2

, A3

exp(A3rm)

exp(A2rm
A2 ~ A3

exp(A 3 T m )
A3 — A2
, 3k23 + A3exp(A2rm)

A3 —

an(rm) = -

- A 3

—-exp(A3Tm)

-2A 3

(14a)

(14b)

(14c)

A3 — A
+ 2A2

exp(A2rm)

A2 — A3
exp(A3rm) (14d)

k223) 2A3

A3 - A2

3(<7i2 + k 2 3 ) + 2A2

exp(A 2 r m )

= =: 1 +

A2 — A3

3k23 + 2A3

exp(A 3 r m ) (14e)

A3 — A2

3k23 + 2A2

exp(A2rn

exp( A 3 r m ) (14f)

with

A2,3 = - k23 ± - cr12k23 (15)

Build-up curves according to eqns. 14 are shown in
Fig. 2c/d, for

~=0.1, 1, 10



Vol. 16, No. 1/2 79
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Figure 3: Four-spin system G ^ :
a) Magnetization exchange network consisting of four nodes and six paths. Double lines indicate chemical
exchange, and single lines denote cross-relaxation pathways. The system is highly symmetric; the exchange
rates are pairwise equal, i.e., u\2 = 034; <7i3 = 024; ki4 = k23. .
b) Experimental example: an isolated tyrosine ring. Protons 1ES1, 1H'52 (also 1 H e l , 1He2) exchange magneti-
zation by chemical exchange caused by ring rotation about the C^-C7 bond. At the same time, due to their
spatial proximity, spins 1E81, 1He l (and also 1E62, 1He2) exchange magnetization by cross relaxation.
c) Build-up curves an( r m ) and ai4(rm) according to eqns. 23a and 23d, for different ratios 012/^4 as indicated
beside each curve; <T12/ui3 = 8. According to the symmetry, an( r m ) = a22(rm) = a33(rm) = a44(rm) and

d) Build-up curves ai2(rm) and ai3(rm) (full lines) according to eqns. 23b and 23c; different a i 2 /k i 4 ratios
as indicated beside each curve; a\2/cr\z = 8. Dotted lines represent the useful combinations of cross peak
volumes that are invariant to the chemical exchange rate: an( r m ) + ai4(rm), eqn. 24a, and ai2(rm) + ai3(rm),
eqn. 24b. An additional combination, a"2 = [ai2(Tm) + ai3(rm)j/[au(rm) + a14(rm)], is particularly useful for
determining a from the initial slope. ai2(rm) = a34(rm) and ai3(rm) = a24(Tm). As the chemical exchange rate
constant ki4(k23) increases, the volumes ai2(rm) and ai3(rm) are brought closer and closer, even for cr12 > cr 13.
However, their linear combinations ai2(rm) + ai3(rra) and a u ( r m ) + ai4(rm) are independent of the chemical
exchange rate.
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Their dependence on the ratio crn/^-23 is rela-
tively complex, but the fast-exchange limit, where
CTi2/k23 —> 0, can be easily assessed analytically. In
this case, the system of eqns. 14 simplifies to:

H2\

a22VTm) —

l - e x p l - 3 - — r m ) | (16a)

- -
~ 2

- 3 ^ r m (16b)

-exp(-2k23Tm)

, 1
2 o

°l2 .)] (16d)
The superscript k denotes that eqns. 16 are valid in
the fast-exchange limit.

Fast chemical exchange quickly equilibrates mag-
netization between spins 2 and 3, rendering their
diagonal and mutual cross peaks equal, even at the
shortest mixing times r^ for which cross-relaxation
can be measured. When CT^T^ < 1 <C

nk (r*a22Vn a33(

At such a mixing time the chemical exchange pro-
cess has reached apparent equilibrium, and informa-
tion about the exchange rate is lost (16). If the dif-
ference between cross- and diagonal-peak intensities
is masked by experimental error, then the dynamic
properties of the system cannot be unravelled-even
by full matrix analysis (16,17).

However, if for rapidly exchanging spins, one fol-
lows the sums of the corresponding cross and diag-
onal peaks (instead of their individual values), then
their average properties can be recovered:

(18a)

(Tm) =l l ( T m

(18b)

2 + exp l -3-r* (18c)

Asterisks indicate that equations are valid in the
limit when

<T^< 12

Eqns. 18 are equivalent to eqns. 10 with

= 1, n2 = 2, Lo = 012

In the limit a\2/^23 —>• 0 fast chemical exchange
effectively converts the three-spin system into two
groups of equivalent spins (ni = 1, n2 = 2), with the
effective exchange rate between the two groups equal
to the arithmetic mean of the original rates in the
absence of exchange:

a =
012 + 013 (19)

Averaging of the dynamic properties of a mul-
tispin system by fast exchange processes is quite a
general phenomenon (23). If LijTm S> 1 then the
individual exchange rates (Lik, Ljk) cannot be de-
termined. Instead, one can find their average by
full matrix analysis by replacing the original groups
i,j by a new group ij with population ny = n; + n.j:

(njL
i k (20)

3. Four-Spin Systems
Magnetization exchange in a symmetric four-

spin system can be expressed in a relatively com-
pact form. We have chosen two simple cases, which
we label according to their magnetization exchange
graphs: GP)qjtl represents a graph with p-nodes and
q-lines; n is the index of the p,q graph if more than
one such exists (38).

A G^fi system comprises four nodes and six lines,
i.e., four spins with six magnetization-exchange
paths (Figure 3a). The symmetry of the system ren-
ders ki4 = k4i = k23 = k32, <J\2 = 0-34, and 013 = CT24-
A single exchange rate (ki4) describes chemical ex-
change, and two others (p\2 and CT13), describe cross
relaxation (Figure 3a).

Magnetization exchange in this system (Figure 3)
can be described by the following dynamic matrix:
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L = (21)

where

an(rm) =

= O\2 + CT13 + ki4 (22)

+exp[-2(ai2 + ki4)rm

(23a)

= ^ 11 - exp[-2(cr12 -f al3)rm]

k14)r

+exp[-2(<x13 + k 1 4 ) r m ] | (23b)

a i 3 ( r m ) = ~\l - exp [ -2 ( c r 1 2

+exp[-2(a i 2 + ki4)rm]

-exp[-2(a i 3 + k14)rm] J (23c)

ai4(rm) = - 1 1 + exp[-2(cr12 + <7i3)rm]

-exp[-2(cri2 + ki4)rm]

-exp[-2(a1 3 + k14)rm]} (23d)

Expressions for all other cross-peaks can be obtained
by suitable permutation of indices i and j in eqns. 23.
One should note that for ci3 = 0, eqns. 23 are equiv-
alent to expressions derived for the same system by
other authors (24-26,39).

Build-up curves according to eqns. 23 are shown
in Fig. 3c, d. An increase in the chemical exchange
rate (ki4) between spins 2 and 3 (and 1 and 4) has
an effect on the cross peaks between spins 1,2 and
1,3 (also 2,4 and 3,4). In the presence of fast chem-
ical exchange (with CT12 > o"i3), the cross peak of
the faster process, ai2(rm), becomes smaller and the
cross peak of the slower process, ai3(rm), becomes
larger than their respective peaks in the absence of
chemical exchange. When ki4Tm ^> 1, cross peaks of
the two processes become equal, even though their
direct rate constants are different (<Ti2 > C13)- If
chemical exchange is not taken into account, the
measured interproton distance ri2 is longer, and r i 3

shorter, than the corresponding real distances. The
influence of fast chemical exchange ki4 on cross-
peak volumes ai2(rm) and a13(rm) is depicted in
Figure 3d. For k14rm > 2 (cri2/rm > 0.5, cr12/ku =
0.2) cross peaks ai2(rm) and ai3(rm) are practically
equal: ai2(rm)— ai3(rm) < 10~3. This effect also is
evident from eqns. 23b and 23c. For ki4Tm > 2, ex-
ponentials containing ki4 become vanishingly small,
and a12(rm) ~ a13(rmj.

The effects of fast chemical exchange are similar
to those described in the three-spin system. How-
ever, here, due to the imposed symmetry, the linear
combinations of cross-peak intensities (volumes) are
invariant with respect to chemical exchange, i.e.,

a n ( r m ) + ai4(rm) = - ll + exp[-2(ai2 + ai3)rm]W24a)

- exp[-2(cr12 + cri3)rm]>(24b)
)

Note that these expressions do not involve ki4.
The average of the two cross-relaxation rate con-
stants, (cr12 + CTI3)/2, can be conveniently obtained
from the ratio of the combined cross-peak inten-
sities, eqns. 24, as is shown in Fig. 3d. Additive
combinations of cross-peak volumes are less sensi-
tive to experimental errors and do not depend on
the rate of exchange between coadded spins. How-
ever, they produce only the average of the original
cross-relaxation rate constants, (ci2 + <7i3)/2, and
not their individual values, ayi and <7i3.

When ki4Tm 3> 1 spins 1 and 4 (also 2 and 3) be-
come equivalent with respect to magnetization ex-
change with other spins, even if they can be distin-
guished in the spectra by different chemical shifts.
Then, the present four-spin system becomes equiva-
lent to two groups of equivalent spins (eqn. 10) with
ni = 2, n2 = 2, and a* = (a 12 + cri3)/2:

a i 2 ( r m ) + a13(rm) + a24(rm) + a34(rm)
2[a12(rm) + a13(rm)] (25a)

a n ( r m ) + a44(rm)
2[aii(rm) (25b)

Tm) + a33(rm) + a23(rm) + a32(rm)
2[an( r m )+a i 4 ( r m ) ] (25c)
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Figure 4: Four-spin system G ^ ^
a) Magnetization exchange network consisting of four nodes and three paths. Cross-relaxation rates oX2 =
a 3 4 ~ a ' i • -j-i,

b) Experimental example: ring protons of a partially deuterated rotating tyrosine ring in cross relaxation with
two equally distant neighbors.
c) Build-up curves according to eqns. 27a, 27b, and 27f, at different ratios a/k as indicated beside the curves;
a22(Tm), a23(rm) - full lines; an(rm) - dashed lines. Since it is only remotely related to chemical exchange,
an(rm) changes only slightly with a hundred-fold change in k.
d) Build-up curves ai2(rm), ai3(Tm) (full lines) and ai4(rm) (dashed lines) according to eqns. 27c, 27d and 27e.
With increases in either the chemical exchange rate constant or the mixing time, curves ai2(rm) and ai3(rm)
converge toward their average value; ai4(rm) also rises but much more slowly since it is of second order with
respect to cross-relaxation. Dotted lines represent linear combinations, according to eqns. 29a and 29b, that
are invariant to chemical exchange.

A second specialized four-spin system, G4]3i2, de-
picted in Fig. 4a, has two spin pairs with identical
cross-relaxation rates (012 = C34 = a) t n a t a r e con"
nected by a single chemical exchange path (k23 =
k). The interaction of a rotating tyrosine ring with

its neighbors can be approximated by such a system
as is indicated in Fig. 4b. This system has been an-
alyzed numerically (40). To get better insight into
the interplay between the two processes, we present
an analytical solution:
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The dynamic matrix is

(26)

with solutions of the system

a n (Tin) =

where

a44(rm)

a33(rm)

a34(rm)

ai3(rm)

ai4(rm)

a23(rm)

A2 = -2cr
A3j4 = -(a

1 + exp(A2rm) + (1 - - ) exp(A3rm) + (1 + - ) exp(A4rm)

( k\ / k\

1 + - exp(A3rm) + I 1 - -r I exp(A4rm)V) V & J1 - exp(A2rm) - -exp(A3rm) + -exp(A4rm)
u u

1 - exp(A2rm) + ^exp(A3rm) - -exp(A4rm)

( k\ / k\

1 - - exp(A3rm) - 1 + - exp(A4rm)
V J v v J

( k\ / k\

1 + - ) exp(A3rm) - I 1 - - exp(A4rm)VJ \ 0 /

(27a)

(27b)

(27c)

(27d)

(27e)

(27f)

(28)

Build-up curves, according to eqns. 27, are shown
in Figure 4 c,d. As in the previous cases, an in-
crease in the chemical exchange rate equalizes two
unrelated processes. Here, when krm 3> 1, cross
peak volumes ai2(rm) and ai3(rm) become very sim-
ilar, although the respective cross-relaxation rates
are quite different: a 12 = &, ^13 = 0. This is also
evident from eqns. 27c and 27d, where the terms
with A3 and A4 vanish when kr^ S> 1. Then,
ai2(7"in) ~ ai3(r,^). As with the G46 system, the
same linear combinations of cross-peak volumes are
invariant with regard to chemical exchange due to
the symmetry of the system:

the equations for three groups of spins with pop-
ulations (n^ = 1, ri2 = 2, 113 = 1) and cross re-
laxation rates (af2 = &23 = a*)- Owing to fast
exchange, cross-peaks a23(rm) and a32(rm) are prac-
tically equal to their diagonals, and as such do not
carry any information about their exchange process.
Therefore, they can be represented as a single group
with population n| = 2:

a) + a33(rm) + 2a23(rm)]
K—>OO

(30)
where the asterisk indicates that the system is in
the regime of fast chemical exchange, and where the
ij indices for the cross peak volumes, ay(r^), corre-
spond to the three groups of spins.

Similarly, cross-relaxation between this "single
group" and the remaining spins must be taken into
account

ai2(rm

an(r

a13(rm) = -

ai4(rm) =

- exp(-2crrm)

+ exp(-2<TTm)

(29a)

(29b)
Obviously,

When chemical exchange is much faster than
cross-relaxation, <r/k —> 0, and, for k̂ "1 <C r^ <
cr^1, expressions for the four-spin system reduce to

= lim [ai2(rm) + a13(rm)] (31)
k—->oo

(32)
k—>oo

and
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0k =

(b)

024 + 034 0°+ 0 + 0+0° 00
= = _

0k

0k =

n2=2

014 + 024 + 023 °23 0°

= Jim [a14(rm)] (33)

Finding limits from eqns. 30-33 one obtains:

a 1 2 ( r m ) — a23(Tm) — ~^

ak
3«) = 7

CTT£) (34a)

+exp(-2a<)J

1 - 2exp(-ak<)

+exp(-2ak<)] (34c)

• O (34d)

On comparing eqns. 34 with the general solution
of the magnetization exchange in the equivalent sys-
tem (three groups of spins with populations ni = n3
= n^, n2 = nn and symmetric pattern of cross re-
laxation rates, a^ = o~23 = (J°)°'i3 = 0)i o n e finds
their equivalence for ni = 1, n.2 = 2 and

Figure 5: Reduction of the four-spin system G ^ ^
into a three- group and a two-group system by fast
(chemical) exchange:
a) Fast (chemical) exchange between spins 2 and 3
equalizes magnetization in the respective sites and
makes spins 2 and 3 equivalent in their exchange
with surrounding spins, even if they have different
individual exchange rates. Their own cross peaks
are practically equal to the diagonal peaks, indicat-
ing that krm >̂ 1. If the difference between the cross
and the diagonal peaks is no larger than experimen-
tal error, then k cannot be determined. Spins 2 and
3 behave like components of a group of two equiv-
alent spins. Although they are distinct, fast chemi-
cal exchange makes them apparently equivalent; see
eqn. 34. In the system G^^, symmetry makes spins
1 and 3 equivalent, and the system reduces further
to two groups of two equivalent spins.
b) If fast (chemical) exchange equalizes spins (1, 2)
and (3, 4) then eqns. 27 reduce directly to those for
a system of two groups of two equivalent spins, as
given by eqns. 10, where ni = n2 = 2 and L° = cr°/4.

"2~
(35)

Thus, fast exchange averages the system over
the rapidly exchanging pathways, rendering observ-
able only the average values of the original exchange
rates:

C 1̂2 + CTl3 -$ m
This is a selective manifestation of the general

phenomenon of cross-relaxation averaging due to
fast chemical exchange, described by Landy and Rao
(23).

Because of its symmetry, the system can be sim-
plified into two groups of spins as is indicated in
Fig. 5, where a new group is obtained by superpo-
sition of spins 1 and 3.

Figure 5b shows the complementary combination
of chemical exchange and cross relaxation in a sys-
tem G^^, which can be described by eqns. 27 by
suitable permutation of the a and k variables.
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III. Internal Motions and Full
Matrix Analysis

Solution of the master equation, eqn. 1, yields
the time dependence of various magnetization com-
ponents (cross and diagonal peaks) which are also
a function of exchange rate constants, eqn. 2. Full
matrix analysis expresses exchange rate constants
(matrix L) as a function of cross- and diagonal-peak
volumes at a given mixing time. Since we are deal-
ing with systems for which solutions of the master
equation can be expressed explicitly in terms of ex-
change rate constants, we can also explicitly perform
a full matrix analysis on them. For the sake of sim-
plicity we restrict our analysis to four spin systems
G4)6 and G4i3)2.

From eqns. 23, one easily finds exchange rate con-
stants in the G4i6 system:

47V,
• In

(an + ai2 + a13 +
(an -

(an - a12

! - ai3 -

- a 1 4 )
ai4)

(an

•In

- ax4)
(37a)

(an
1 1 1 ""12 **13 ~

( a n + ai2 — a i 3 — aj4)

ai4)

(an - - ai4)
(37b)

Owing to the symmetry of the system (Fig 3a),
similar expressions can be derived for other cross
and diagonal peaks:

an — a22 = a33 = a44

ai4 = a4x = a23 = a32

a-12 = a2i = a34 = a43
a i3 = a3i = a24 = a42

i = 1,2,3,4 (38)
k = l

As far as the values <7}2 and kj4 are concerned, any
equivalent combinations of cross-and diagonal peaks
in eqns. 37 are acceptable. However, from the point
of view of error propagation, assuming random un-
correlated errors for peak intensities, the most suit-
able are combinations that use all the peaks avail-
able. This is exactly the way full matrix analysis

works. Every calculated exchange rate constant is a
function of all cross and diagonal peaks. Thus the
error in the exchange rate constant obtained by full
matrix analysis for system G4)g can be calculated
from the basic principles of error propagation (41)

Aa /
— H + exp[+4(o-12 + cr13)rm]

+exp[+4(ai2 + k14)rm] + exp[+4(cr13 + ku)rm] )" (39)

where Aa is the average error in peak volumes.
Equal and uncorrelated random errors for all peak
volumes are assumed. For sufficiently short mixing
times, ki4rm <C 1, the error is independent of the
exchange rate constant but is inversely proportional
to the mixing time (rm) itself. This corresponds to
the experimental situation in which cross-peak in-
tensities are not much larger than the background
noise and where cross-peaks still build up with rates
proportional to their respective cross-relaxation rate
constants. For longer mixing times, the values of
the exchange rate constants become relevant. When
ki4Tm > 1, the exponential terms dominate, and
the error rises sharply. A steep rise in the error
occurs when the differences between experimental
cross and diagonal peaks approach the error limits of
their determination. Therefore, at selected mixing
time values, r^, which are appropriate for determi-
nations of <Ti2((ji2r l̂ < 1), an increase in the chem-
ical exchange rate constant, ki4 (where k^r^ 3> 1),
at constant peak volume error Aa, increases the er-
ror in o\2- Equalization of cross-peak volumes by
fast processes precludes accurate determination of
the rate constants for slower processes by full ma-
trix analysis, even if the mixing time is optimized
for their measurement.

If one performs the averaging over rapidly ex-
changing spins, then from eqns. 25a, 25b one finds

A(<ri2 +
Aa

•In a13 (40a)

1 + exp[+4(<ri2 + <ri3)rm] (40b)

Here, as expected, the error in the average cross-
relaxation rate does not depend on the chemical
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exchange rate constant. This comes from the fact
that peak volumes a^ and ai4 (also ai2 and ai3)
are added in eqn. 40a, contrary to eqn. 37b where
they are subtracted. An increase in the chemical ex-
change rate constant changes their difference quickly
(for k —> oo, (an—au) ~* 0) but does not influence
their sum at all. The price for increased stability of
the value for the cross-relaxation rate is paid by the
loss of the individual values of <7i2 and (j\z. However,
if any of these is independently known (for example,
from known geometry) the other can be recovered
from their average.

In the other four-spin system, 04,3,2, in complete
analogy to G.̂ 6, we find from eqns. 27-29 expressions
for the cross-relaxation rate, CT, and its error, ACT,
as a function of the mixing time, rm, and the peak
volume error, Aa:

1
a —

ACT =
Aa

•In
- ai2 - ax3

exp(+4<JTm)

(41a)

(41b)

and

Ak
7

Aa \ 2 / other \
V terms /

(42)

Owing to the symmetry of the system (chemi-
cal exchange mixes the two identical halves of the
system), the derived cross-relaxation rate error does
not depend on the chemical exchange rate constant,
k. Its dependence on the cross-relaxation rate con-
stant and on the mixing time is the same as that
calculated for an isolated spin pair (42). On the
other hand, the chemical exchange rate constant and
its error limits depend on both exchange rates (<r
and k). However, k depends on the difference be-
tween the cross-peaks ai2(Tm) and ai3(rm), which
rapidly decreases with an increase in ki4Tm. When
the difference (ai2— ai3) becomes close to the er-
ror in individual cross peak volumes, Aa, then the
error rapidly increases, and the exact value of the
chemical exchange rate constant cannot be recov-
ered, even with full matrix analysis.

The general conclusion, valid for an arbitrary
complex spin system, is that full matrix analy-
sis fails to recover magnetization exchange rates

whenever the fastest process fulfills the condition
LMAXrm 3> 1. However, by combining cross and di-
agonal peaks of the rapidly exchanging spins, one
can recover the average values of the combined ex-
change pathways.

IV. Internal Motion and Initial-
build-up Rate Analysis

Initial-build-up rate analysis is a useful approx-
imation of the full-matrix analysis. As an approxi-
mation, it is inferior to FMA, but in many instances
it has proven to be a useful alternative to it. For
example, when only a fraction of the exchange spec-
trum can be obtained or when one is interested in
local properties of the exchange network, the initial-
build-up rate is practical. Since it is a simplified
form of FMA, initial-build-up analysis is affected in
a similar way by fast internal motion. This can be
best illustrated in a three-spin system where, from
eqn. 12a, one obtains the quadratic approximation:

-(—2L1 2
L12L13 —

/ higher'
+ order

\ terms (43)

It is assumed that chemical exchange takes place
between spins 2 and 3. If a system is symmetrical,
i.e., Li2 = L13

(44)

and the time-evolution of the cross-peak volume
does not depend on chemical exchange.

In general, when chemical exchange is much
faster than any other process, ky Ly

aij(rm) (kyrm) (45)

Because L;s <C ky, all LisTm terms are much
smaller than kyrm. When kyrm < 1, the polynomial
expansion is valid, but when kyrm > 1, higher or-
der terms in kyrm dominate, and the approximation
breaks down. Eqn. 45 is valid only when kyrm < 1,
and an excessive increase in the chemical exchange



Figure 6: Part of the x-ray structure (43) of turkey
ovomucoid third domain (0MTKY3) showing the
Tyr31 ring and its immediate neighbors. Ring pro-
tons 1H*1 and iH*2 (and also xH£l and XH£2) ex-
change magnetization by ring rotation about the
C^-C7 bond. Owing to close proximity, direct
cross-relaxation can be observed among the protons
(Tyr31 1H*1, Tyr31 1EEl), (Tyr31 H52, Tyr31

(Ala40 1H^, Tyr31 1Esl), and (Lys29

XH£2).

rate constant shortens the useful mixing time range
accordingly. Since a lower limit of the mixing time
is predetermined by the existing signal-to-noise level
(or peak volume error Aa), fast chemical exchange
can render build-up rate analysis useless. Again,
if build-up rate analysis is performed over suitably
combined cross peaks, then a linear combination of
the respective exchange rates can be obtained. In
that case, the build-up curves are independent of
the chemical exchange rate constant as can easily
be derived from eqns. 18, 25, and 34.

V. Experimental Examples

As an experimental demonstration of the ef-
fects of fast chemical exchange on 2D exchange spec-
tra and on the determination of cross-relaxation

87

rates, we have chosen internal rotation of a tyrosine
ring in turkey ovomucoid third domain (0MTKY3).
The x-ray and NMR structures of the protein are
known (43,44), and internal rotation of the Tyr31

ring is well documented (11,15). The relevant part
of the 0MTKY3 x-ray structure (43) is shown in
Figure 6. Tyrosine ring (Tyr31) rotates around its
C@ — C7 bond with a rate which can be controlled
by the sample temperature. In a 2D exchange spec-
trum, ring rotation generates cross-peaks (Tyr31

1RS1, Tyr31 lE62) and (Tyr31 1Hel, Tyr31 lEe2).
Because of the proximity of residues Ala40 and
Lys29 to the Tyr31 ring, direct cross-relaxation peaks
(Tyr31 xH£l, Ala40 lYiP) and (Tyr31 1W2, Lys29

*EP2) can be observed as well. Also, cross relax-
ation peaks (Tyr31 lE6\ Tyr31 1EEl) and (Tyr31

lE62, Tyr31 1W2) are present. This simple picture
(superposition of direct cross peaks) exists only at
short mixing times and at temperatures low enough
(T < 265K) to slow down the ring rotation so that
k < a (Figure 7a). At higher temperatures, where
k >̂ a, fast chemical exchange gives rise to ad-
ditional chemical-exchange-mediated spin-diffusion
peaks (Figure 7b,c). For example, at T = 278 K
(Figure 7c), cross peaks (Tyr31 1HE 2 , Tyr31 11T51),
and (Tyr31 1He2, Ala40 1H/3) are brought up by
two-step magnetization transfer: Cross-relaxation
+ chemical exchange (Tyr31 XW2 - a -> Tyr31

- k -> Tyr31 lE61) and (Tyrr31 - k
Tyr31 xH£l - a -> Tyr31 1H(5i). Since chemical ex-
change is the much faster process, two-step mag-
netization transfer mediated by chemical exchange
could not be distinguished from a single-step pro-
cess (cf. ai3(rm) in eqns. 14b and 16a). In eqn. 16a,
due to fast chemical exchange, a^3(rm) has all the
properties of a direct driven process, although 1̂ 3
= 0.

In addition to creating new spin diffusion cross-
peaks, fast chemical exchange also reduces the vol-
umes of peaks originating from direct magnetiza-
tion transfer. This reduction of peak volumes comes
from the redistribution of magnetization by fast ex-
change. Instead of having one strong peak (direct
exchange) and one weak peak (or no peak at all be-
cause of the absence of direct exchange) fast chem-
ical exchange redistributes magnetization, creating
two almost identical cross peaks with a total volume
identical to the volume of the single peak in the ab-
sence of the exchange. For example, fast chemical
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(a) T=265 K (b) T=273 K (c) T=278 K

Y31€2 Y31€2 Y31€1 Y31€2

G)2 /ppm
Figure 7: Low temperature 2D exchange spectra of turkey ovomucoid third domain (0MTKY3) at 500 MHz:
a) In 30% glycerol-d6/70% 2H2O, pH* = 8.1, T = 265 K, rm = 20 ms; cr61e2/kel£2 « 2. The low temperature
and short mixing time keep chemically-mediated spin diffusion low. One should notice the absence of cross
peaks (A40^, Y31e2) in accordance with their relatively long distance.
b) OMTKY3 in 30% glycerol-d6/70% 2H2O, pH* = 8.1, T = 273 K, rm = 50 ms; aSi,ei/Kie2 « 0.3. At this
increased temperature the cross-relaxation rates are reduced (shortened correlation time) and the chemical
exchange rate is increased. With the increase in the k/a ratio, indirect magnetization transfer becomes
noticeable. Indirect cross-peaks (A40^, Y 3 1 E 2 ) and (Y3151, Y31£2) are comparable to direct cross peaks
(A40^, Y31e2).
c) OMTKY3 in 2H2O, pH* = 8.1, T = 278 K, rm - 50 ms; a6iei/Kie2 ~ 0.1. Here chemical exchange is much
faster than cross-relaxation and indirect transfer cross peaks are of the same intensity as the corresponding
direct peaks. For example, indirect peak (Y3151, Y31e2) is of the same intensity as the direct peak (Y3152,
Y31e2).

exchange (Tyr31 1Hfil, Tyr31 1H52) and (Tyr31 1 H e l ,
Tyr31 1He2) gives rise to peaks (Tyr31 XH61, Tyr31

X H E 2 ) and (Tyr31 1H62, Tyr31 lR£l) even if a61}£2 is
negligibly small (a6he2 = <J«i,£i/64) (Fig. 7 c). It
simultaneously reduces the volumes of direct cross
peaks (Tyr31 1RS1, Tyr31 xHe l) and (Tyr31 1H62,
Tyr31 lW2). This reduction of volume (in the limit
k —>• oo to the one half of the actual volume) may
not be noticeable if a spectrum is inspected quali-
tatively. In a quantitative interpretation of 2D ex-
change spectra, however, the volume reduction can

be easily observed. If not taken into account, it
can lead to the apparent increase of the interpro-
ton distance derived from the (reduced) cross-peak
volume. Although the distance increase is not very
large (10% for a 50% volume reduction) it may be
important, for example, if the distorted distance is
used for calibration purposes. (Ring protons are
suitable for distance calibrations since their geome-
try is fixed (r = 2.49 A) and because their chemical
shifts often are well resolved). In the present exam-
ple, fast chemical exchange (Tyr31 1H61, Tyr31 1H52)
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and (Tyr31 1 H e l , Tyr31 1He2) reduces the volumes
of peaks (Tyr31 XH51, Tyr31 1He l) and (Tyr31 1H52,
Tyr31 1He2) which otherwise might be used for dis-
tance calibration. However, as indicated in eqn. 24,
the sum of the cross-peaks [(Tyr31 1He2, Tyr31 XH52)
plus (Tyr31 xHe2, Tyr31 1ES1)} does not depend on
the exchange rate constant and may well serve the
calibration purpose.

The effects of fast chemical exchange can be best
illustrated on experimental systems to which some
of derived equations can be applied. Suitable three-
and four-spin systems are seldom isolated as re-
quired by all the equations derived above. As a good
approximation, one can take desired groups of three
or four spins from a multispin system and treat their
interaction with the spins outside the groups as "ex-
ternal" . Then these interactions and the real relax-
ation of the magnetization are taken into account
by the hybrid relaxation rate, p*. The value of p*
is determined empirically in the following manner.
The sum of magnetization components of the spin
at one site (diagonal and all cross peaks from that
diagonal) is multiplied by exp (+/?*rm) at all mix-
ing times. The p* value is chosen such that the total
magnetization of the chosen spin does not change as
a function of mixing time. Experimental data mod-
ified in this fashion are suitable for analysis by the
equations derived in this paper.

As a three-spin system we have chosen a group
of protons Ala40 1E^- Tyr31 i f f 1 - Tyr31 1He2;
and, as a four-spin system, we have selected pro-
tons of the Tyr31 ring:
Their build-up curves and experimental peak vol-
umes (multiplied by exp(+p*Tm) are shown in Fig-
ures 8 and 9. All the parameters are given in the
figure captions. No attempt has been made to fit
experimental data to the analytical curves owing to
the large scattering of the low-temperature data.
However, all parameters common to the two sys-
tems (for example, the chemical exchange rate con-
stants) are the same, except p*, which depends on
the system itself as well as on the temperature. (In
the four-spin system, spins Tyr31 1H51 and 1H52 are
internal, and in the three-spin system, they are ex-
ternal. Therefore, at the same temperature p* is not
the same for the two systems).

At low temperature, T = 265K, both systems
(Fig. 8a, 9a) have distinct peak volumes for differ-
ent processes. Chemical exchange is relatively slow

so that direct and indirect cross peaks have different
volumes. The systems, within the limits of exper-
imental error, can be well described by either full-
matrix analysis or build-up analysis. At a higher
temperature (T = 278K, Figs. 8b and 9b) chemi-
cal exchange is the dominant dynamic process. It
effectively short-circuits the exchanging spin sites
making them equivalent as seen from the surround-
ing spins. Thus, direct and indirect peaks (o\2 and
CT13) become equal within experimental error. The
individual cross-relaxation rates (a 12 and a\z) can-
not be recovered. However, their arithmetic mean
can be determined from the build-up curves of the
combined peaks (ai2 + &i3)-

VI. Conclusions
We have used analytical descriptions of a few

simple multispin systems to clarify general proper-
ties of multispin systems that are not obvious from
a matrix treatment of the problem. For example,
from consideration of the explicit expressions for ex-
change rate constants in different systems, eqns. 37,
40 and 41, one can depict how full matrix analy-
sis (FMA) works. As seen from these equations,
in the FMA approach magnetization exchange rates
are calculated from the logarithm of various combi-
nations of cross- and diagonal-peak volumes. FMA
fails if the argument of the logarithmic function is
equal to or less than zero. In the ideal case, this
happens only when the difference between peak vol-
umes is close to the precision of the computer. In
real cases, however, this condition occurs whenever
the difference between peak volumes is close to or
less than the error in experimental peak volumes.

Since, during the mixing time, cross- and
diagonal-peak volumes converge toward common
values before decaying to zero by relaxation, this
happens at increasing values of rm. At the other ex-
treme, where rm is short, the diagonal peaks domi-
nate; linear combinations of cross peak volumes are
always positive; and FMA is stable. Further short-
ening of the mixing time makes second- and higher-
order cross-peak volumes disappear and makes first-
order peaks become vanishingly small. Then the
product in the argument of the logarithmic func-
tion tends to unity, and the function itself toward
zero; here the logarithmic function can be safely re-
placed by its linear approximation, (ln(l+x) ft* x),
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Figure 8: Build-up curves for the three-spin system (Ala40 1 H ' 3 - Tyr31 x H e l - Tyr31 1He2) of 0MTKY3 at
two different temperatures. Solid lines are drawn according to eqns. 14a-14f. Dotted lines represents the sum,
ai2(rm)+ ai3(Tm)- The horizontal axis is set dimensionless by multiplying the mixing time by ag£. Then, all
exchange processes are normalized to the cross-relaxation rate between the 1HS and XH£ ring protons and can
be compared irrespective of the temperature. Experimental points (cross-peak volumes) are multiplied by
exp(+p*Tm) to take into account the fact that the observed spins are not isolated. The rate constant p* was
chosen so as to make the sum of the cross and diagonal peaks independent of the mixing time, ^ j aij = 1:
+ - a i 2 ( r m )
° - a i 3 ( r m ) , a 3 3 ( r m )
* - a23(rm).
• - [ai2(rm) + ai3(rm)];
since the sum is almost independent of k23, points from both temperatures are displayed along with the
build-up curve.

a) At T = 265 K in 30% glycerol-d6/70% 2H2O; rm = 10,15,17,20 ms; aSe = 20
10 s"1; p* = 19 s"1; rc = 87 ns. Chemical exchange is relatively slow; ai2(rm)

= 6.7 s"1; k23 =
ai3(rm) indicates close

proximity of the protons (Ala40 1H/3, Tyr31 1He l ) , but not that of (Ala40 1H/3, Tyr31 1He2)

b) At T = 278 K in 2H2O; rm = 20,40,60 ms; aSe = 3 s"1; a12 = 1 s"1; k23 = 30 s"1; p* = 5 s"1; rc = 13
ns. Fast chemical exchange mixes magnetization between sites 2 and 3 (Tyr31 1He l , Tyr31 xHe2) so that their
interactions with a third spin, 1, (Ala40 XH^) appear almost identical. Cross peaks ai2(rm) and ai3(rm) have
similar intensities. The first one is smaller than it would be in the absence of chemical exchange whereas the
second one is larger. If chemical exchange is not taken into account, the similarity of their cross-peaks may
lead to the erroneous conclusion that protons Tyr31 xHe l and Tyr31 1He 2 are at the same distance from Ala40
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Figure 9: Build-up curves for the four-spin system, Tyr31 (1H<51-1H<52-1H£l-1H£2), of 0MTKY3 at two
different temperatures. Solid lines (an, ai2, ax3, ai4) are drawn according to eqns. 23, and dotted lines
(al2+al3) are drawn according to eqn. 24b. Since the horizontal axis is dimensionless, the dotted line is the
same for both temperatures. The experimental points were multiplied by exp (+/9*rm) as in the previous case:
° - a u ( r m )
+ - a i 2 ( r m )
x - ai3(rm)
* - a i 4 ( r m )
• — ai2 + ai3 (the sum is independent of k, and experimental points from both temperatures are aligned along
the same dotted line).

a) At T = 265 K in 30% glycerol-d6/70% 2H2O; rm = 10, 15, 17, 20 ms; o12 = 20 a'1, k u = 10 s"1, p* = 4.2
s"1; rc = 87 ns. Cross-peak ai2 (Tyr31 1He2, Tyr31 1B62) is distinctively higher than a13 (Tyr31 1He2, Tyr
1H£ l) because chemical exchange is relatively slow, a^/^-n = 2.

3 1

b) At T = 278 K in 2H2O; rm = 20, 40, 60 ms; crl2 = 3 s"1; k14 = 30 s"1; p* = 3 s"1; rc = 13 ns. Fast chemical
exchange renders cross-peaks ai2 and ai3 equal (within experimental error) at all mixing times, although the
former is a direct and the latter an indirect peak. The volume of the direct cross-peak is half the value it
would be in the absence of fast chemical exchange.

Ly « aij/rm, and FMA itself reduces to its linear ap-
proximation. Eqns. 37, 40 and 41 also demonstrate
that diagonal peaks, contrary to traditional belief,
are equally as important as cross peaks in the de-
termination of exchange rate constants by FMA.

The influence of fast chemical exchange, or fast
exchange in general, can be easily comprehended
from the formulae derived for error propagation:
eqns. 39, 40b and 41b. All the expressions have the
same appearance. The errors in exchange rate con-
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stants are proportional to average errors in peak vol-
umes and inversely proportional to the mixing time.
In addition, the error is proportional to the sum of
positive exponentials of the mixing time and all the
exchange rate constants related to the observed spin
(the constants for all exchange processes found on
the same row and column of the exchange matrix).
Whenever at least one exchange rate constant ful-
fills the condition, LijTm > 1, the respective expo-
nential term may become dominant and the error
increases exponentially with the mixing time. The
larger the Ly term, the earlier the error starts to
increase. Therefore, the largest element in the mag-
netization exchange network determines the upper
limit to the mixing time. In addition, the largest ex-
change rate constant determines the error limit for
all the other constants in the same network.

At the other extreme, when rm —» 0, all expo-
nential terms become independent of the actual ex-
change rate constants. Absolute errors in the ex-
change rate constants are proportional to errors in
peak volumes and inversely proportional to the mix-
ing time. Therefore, the lower limit of the mixing
time is determined only by errors in peak volumes,
i.e., by the background noise level. The impor-
tant conclusion with regard to its application is that
FMA can be utilized safely only in a range of mix-
ing times longer than the lower limit imposed by ex-
perimental conditions (noise) and shorter than the
upper limit imposed by the system itself (LyTm).

Finally, comparison of eqns. 37 and 40 provides
a clue as to how the influence of fast chemical ex-
change can be eliminated by linear combination of
the corresponding cross and diagonal peaks. Fast
chemical exchange tends to equalize the peak vol-
umes of direct and indirect processes taking place
among chemically exchanging spins and their sur-
rounding spins. In the direct approach, the ex-
change rate constant is calculated from the differ-
ence in intensities of peaks that are equalized by
fast chemical exchange. In the linear combination
approach, however, peaks that are equalized by the
fast exchange process are added. Since their sum
is invariant to the chemical exchange rate they pro-
duce a good value for the average cross-relaxation
rates irrespective of the rate of chemical exchange.

In summary, by explicit calculations of magne-
tization exchange in two-, three-, and some four-
spin systems, we have analyzed the influence of fast

chemical exchange processes on strategies for deter-
mining cross-relaxation rates and have shown that
in the extreme cases when even full matrix analy-
sis cannot be performed, by suitable data manipu-
lation, one can obtain average values of the cross-
relaxation rates.
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