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I.

Introduction

Although all solids show quantum effects to some
degree, solids made from the lightest elements (3He,
4
He, H2, D2..) have special properties of purely
quantum mechanical origin that set them apart. For
this reason they are known as quantum crystals (1)
and the aim of this set of lectures is to discuss recent
ideas on tunneling in these solids and the current
interest in testing the models for tunneling using
NMR experiments (2).
The key property of the quantum crystals is
that the constitutent atoms (or molecules) are only
weakly localized with respect to quantum zero point
motion (ZPM). This is because the atoms have only
small mass and the cohesive forces (principally of
type Van der Waals) are very weak. One therefore
envisages the particles as oscillating about the minimum of a shallow potential well. The well, being
weak, has only a small curvature and the amplitude
of the excursions about the mean position (the lat'Presented at the 10 t h NMR Summer Institute of the
International Society of Magnetic Resonance, Waterloo,
Canada, June 4- 12, 1987.

tice site) is very large compared to that for heavy
"classical" solids such as xenon, eig. for bcc 3He at
25 cm3/mole, the r.m.s. displacement < (72 >*/2 =
1.3 A while the nearest neighbor separation Ao =
3.76 A. Figure 1 illustrates the differences in potential strength and localization for He and Xe.
There are several important consequences of the
zero point motion. The motions of the atoms in the
N-particle system tend to be correlated to reduce
the contribution of the repulsive hard core potentials during near encounters. These are short range
correlations and one needs to consider the details
of the correlated motions in order to obtain a good
description of the solid. The most striking result of
the ZPM is the possibility that atoms can exchange
sites. As one atom moves, another neighboring atom
may move into the "vacant" lattice site left by the
first atom, which in turn can tumble into the space
left by the second atom. Atoms can by this and
related motions, "exchange" sites. For 3He atoms
which are fermions (nuclear spin I = 1/2), this leads
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Figure 1. Comparison of atom-atom potentials V(r) and spread of wave function V*forHe and Xe.
to the Heisenberg-Van Vleck exchange Hamiltonian
Hx = -2hJ

(1)

since the permutation operator for two fermions is
just P12 = 1/2 + 2h • h- This effective interaction leads to nuclear spin ordering in solid 3He at
low temperatures (~mK). It should be noted that
the physical origin of the interaction is the ZPM, it
has nothing to do with the dipolar interaction between the nuclear magnetic moments which has a
strength of a few ptK. The motions of the atoms are
correlated, and the "exchange" will therefore almost
certainly involve a group of atoms rather than just
a pair.
The permutations of atoms with respect to their
lattice sites also occurs for the boson quantum solids
4
He and H2 but there is now no equivalent "exchange" Hamiltonian. We therefore refer to the motion as quantum tunneling since the particles are
weakly localized by their potential with neighboring
particles and it is the tunneling through the effective
barrier that is responsible for the motion.

Other consequences of the ZPM include: (i) the
strong anharmonicity of the lattice dynamics; (ii)
the need to apply external pressure to obtain the
solid phases for the heliums; (iii) the existence of
a bcc phase at low density for solid 3He and 4He
(the ZPM of 4He is smaller than that of 3He and
the bcc phase of 4He exists for only a small sliver
of the phase diagram); (iv) the ease and rapidity of
the growth of the high mobility of point defects or
vacancies of the Shottky type.

In the following section we will consider the models for tunneling in quantum crystals and the need
to consider 3- and 4-particle permutations and not
just 2-particle exchanges. In section III we discuss
NMR experiments on the motion of HD impurities
in solid parahydrogen and in section IV we consider
the density dependence of the tunneling in solid H2.
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II.

Tunneling in Quantum Crystals

We have seen above that one of the most dramatic
consequences of the zero point motion in quantum
crystals in the effective "exchange" interaction between spins in solid 3He. It can be observed experimentally by means of NMR studies at high temperatures "exchange" narrowed line shapes, relaxation,
motion of vacancies etc. (1), and at low temperatures it is responsible for the ordering of nuclear
6pins (3,4). A rich variety of nuclear magnetic structures can be realized depending on the density of
the samples studied and the strength of the applied
magneticfield(5).
The earliest theories of exchange (6) considered
only the exchange of two nearest neighbors. Gaussian wave functions

were assumed for an atom associated with lattice site i. The exchange energy for this model
is determined by solving for the energy eigenvalues of the symmetrised two particle Hamiltonian.
The eigenfunctions are the completely symmetric
(singlet) and antisymmetric (triplet) wavefunctions
with eigenvalues Es and EA, respectively. The exchange frequency is defined as
"pair —

ES-EA
2h

and can be shown to be given by the overlap integral
(2)

where Ao is the nearest neighbor separation and A
the hard core radius. A is estimated from the Debye
approximation for the kinetic energy
h
Z
=
4 m
2
with QD the Debye frequency. This simple estimate
for J provides not only the right order of magnitude
but it also predicts the correct density dependence.
For a density corresponding to a molar volume Vm =
23.80 cm3, A o = 3.72 A, BD = 27 K and we calculate
J/2TT = 12 MHz in excellent agreement with high
temperature NMR results. The Gruneisen constant
<T>=

J

_ dln\J\
~ dlnV

is calculated to be approximately -19 which is remarkably close to the observed value of-18.3 ± 05
The two observations that the calculated order
of magnitude and the calculated density dependence
agree so closely with the experimental data led most
people to believe that this theory of exchange in
solid 3He was essentially correct. There were some
hints, however, that the simple Heisenberg exchange
Hamiltonian of equation (1) was inadequate at low
temperature. Careful measurements of the pressure
as a function of temperature and applied magnetic
field by Kirk and Adams (7) showed significant deviations from the predictions of a simple Heisenberg
model. The nuclear spin susceptibility x w a s a l s o
found to be larger than the Curie-Weiss law below
10 mK. No serious attempt to consider other exchange Hamiltonians was made, however, until it
was discovered that the transition to the ordered
nuclear spin state was first order (as opposed to the
predicted second order transition and that the low
temperature structure was not the simple antiferromagnetic configuration expected for the Heisenberg
model.
Roger, Hetherington and Delrieu (9,10) found
that they could account for the unexpected results
for the ordered states of solid 3He, if they introduced 3 - and 4-particle exchange mechanisms in
addition to pairwise exchange. The easiest way to
understand the relative significance of many particle
exchange compared to two particle exchange, is to
consider the analogy with people on a crowded bus.
If the bus is very crowded, it is easier for 3 or 4 people to change places by moving in a cycle than it is
for two people to change places by themselves. This
is illustrated in Figure 2 where the disturbance of an
array of almost close-packed discs is shown for 2-,
3- and 4-particle cyclic permutations. The perturbation of the surroundings for 3-particle exchange
is much less than that for the other permutations.
The analogy does not work for a large number of
people because for quantum tunneling of particles,
the length of the path in configuration space is important. The rate of tunneling R ~ exp[-/ V d£]
where V is some effective potential for the permuting particles and £ parameterizes the path length.
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(a): 2-particle

(b): 3-particle

(c); 4-particle
Figure 2. Illustration of the perturbation of surrounding lattice by (a) 2-particle, (b) 3-particle and (c) 4particle cyclic permutations of hard discs on a triangular lattice. As the density is reduced beyond that for
triangular close packing, 3-particle cyclic exchange is the first type to be allowed.
For a long path, or a large number of particles, the
rate becomes unfavorable.
The essential point of the multiple exchange
model is that the probability of exchange of a group
of atoms is determined by the available free space
during the permutation. Most of the time the atoms
are localized near the lattice sites which can be represented by one cavity in configuration space (11),
and the exchange corresponds to a movement of

atoms connecting two such cavities via low probability configurations because the hard core repulsions severely limit the available free space during
the exchange. In configuration space the tunneling
is represented by a long narrow duct connecting the
two cavities (Figure 3). For a long narrow duct of
constant cross-section, the wave function decreases
exponentially along the duct and it is therefore incorrect to use the Gaussian wave functions given
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Figure 3. Configuration space showing two cavities Ci and C2 of high probability and a narrow exchange
duct connecting the configurations.
above to estimate the tunneling frequencies. It has
been shown (9,10,12) that the wave function in the
duct obeys an effective one-dimensional Schrodinger
equation, and if the effective potential in the central region of the duct is approximated by its first
Fourier component with amplitude 6\J, the exchange
energy is readily calculated to be
2hJ{L) = 2 5 — ^ -

(3)

where L is the length of the duct and
q = 2mLr22

6U

6V can be estimated by observing that the exchanging particles compress their surroundings during the
permutation and 6V can be taken to be the energy
of compression

for an increase AV = V-Vm in volume taken up by
the exchanging particles. P is the external pressure
and /? the compressibility of the solid.
The reasonableness of this model has been
checked (12) by considering the 3-particle cyclic exchange for hep 3He and hep H2. The calculations
were made assuming that the atoms surrounding the
permuting group were displaced such that their distance from the other atoms remains constant (see
Figure 4). Using the experimental values for the
compressibility (12,5), one finds excellent agreement
with the experimental values of J for the hep phase

of solid 3He as illustrated for different molar volumes
in Figure 5.
One of the important implications of these results is that the exchange in hep 3He is dominated
by 3-particle cyclic permutations. Another important result is that the exchange processes in solid H2
should be comparable to those seen in dense solid
hep 3He when the avaliable free space for exchange
in solid 3He is the same as for solid H2, i.e. when
(A0/X)3Ht

=

A being the hard core radius. At P = 0, (Ao/A)#2 =
1.28 and this is reached in solid 3He for a molar volume Vm = 15.1 cm3/mole for which the exchange
frequency J/27T ~ 2 kHz. We therefore expect comparable exchange frequencies in solid parahydrogen.
This estimate has also been checked by claculating
the effective hindering potential 6U for 3-particle
tunneling. Using the experimental value for the
compressibility for solid H2, Delrieu and Sullivan
(12) found exchange frequencies of the order of 9kHz
at P = 0, dropping to 120Hz for P = 110 bar.
More careful evaluations of the exchange rates
require self-consistent treatments of the elastic deformation potential 6U to determine the "most
probable escape path" (MPEP) which maximizes
the value of the wave function on the exchange surface midway between the two cavities. Roger (10)
and Avilov and Iordansky (14) have made an important step in this direction using quasi-classical
multidimensional WKG approximations for the exchange in the high density limit. They have con-
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2B9
Figure 4. Schematic representation of 3-particle exchange in an hep lattice. 6X designates the displacement
of the nearest neighbors to the permuting traid of atoms.
firmed the earlier result (11) that 3-particle exchange is the dominant exchange process in the hep
lattice with J3/J2 — - W ^ P ) — 10- («U(P) refers to
planar 4-particle cyclic exchange.) They also confirmed the hierarchy of exchange processes in the bec
lattice originally proposed by Roger, Hetherington
and Delrieu (8) in order to fit the low temperature
data of the ordered phase. Recent Monte-Carlo calculations by Ceperley (15) used hard sphere models
have also confirmed these results.

One of the most striking features of the many
particle exchange model for the quantum solids is
the prediction of a very large exchange frequency
~ kHz for solid Hj. This predicted value is many
orders of magnitude larger than earlier estimates
based on the pairwise overlap of Gaussian wave
functions which gave values ~ 10~4-10~2 Hz (16).
Experimental tests for a strong density dependent
tunneling in solid H2 can therefore provide crucial
tests of the model and this has been carried out recently at the University of Florida.

III.

NMR Observations of Tunneling in Solid H2

The first hint of a hitherto unsuspected motion
in solid H2 came a year or two earlier than the introduction of the multiple exchange model. Horst
Meyer and his colleagues at Duke (17) observed an
unexpectedly narrow NMR absorption linewidth associated with HD impurities (400 ppm concentration) in single crystals of solid parahydrogen (with
ortho concentrations in the range 0.5-3%). (The
ortho and para modifications of Hj arise from the
two independent ways of constructing a totally antisymmetic wave function for the molecule: (a) ortho,
nuclear function symmetric (Uotal — 1), orbital function antisymmetric (orbital momentum, J = 1); or
(b) pani, nuclear function antisymmetric (I = 0) and
orbital function symmetric (J = 0).)
The HD NMR linewidths were observed to be
almost an order of magnitude smaller than the calculated rigid lattice values, while the line shapes attributed to isolated ortho-H2 molecules apparently
had their full rigid lattice width. (The para-H2 molecules with I = O have no nuclear magnetism.) The
HD line shapes were Lorentzian to a very good ap-
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Figure 5. Comparison of calculated exchange rates with observed values for solid 3He as a function of molar
volume.
proximation and essentially temperature independent for 20 < T < 100 mK. Delrieu and Sullivan
(12) interpreted the narrow HD line shapes in terms
of exchange motion in the solid para-H2 matrix, the
HD molecules behaving as partners to para-H2 molecules in multiple exchange processes. The HD molecules, carrying nuclear magnetic moments, serve as
"tagged" balls to follow the exchange motion. As
several successive exchanges occur, the HD molecules diffuse through the lattice rapidly, hence the
term quantum diffusion. The magnetic interactions
between the HD impurities and the ortho-H2 molecules is modulated by the motion, and the time
average of the interactions responsible for the NMR
linewidth is reduced with respect to the rigid lattice
value. This is then an example of motional narrow-

ing due to the quantum diffusion of the impurities.
Although the para-H2 molecules can tunnel,
the motion of the ortho-H2 molecules is quenched.
This quenching results from the fact that the ortho
molecule is not spherical, it is slightly ellipsoidal and
has a small electric quadrupole moment and therefore interacts with other molecules via electroslatic
quadrupole-qliadrupole interactions:

F is an angular function which depends on the relative orientations (Q\ and Qi) of the molecules. The
strength of the interaction is given by T ~ 0.8K.
The available energy levels for a dilute array of ortho molecules form a band of width EQ = 20rX 5 / 3
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for an ortho concentration X. If an ortho molecule
is to tunnel, then in order to conserve energy the
initial and final states can only differ in energy by
AE = hJt where J t is the tunneling frequency. Of
all the available states* for an ortho molecules in the
bandwidth Eg of final states, only a very tiny fraction
(4)

= 2.10" 7 X- 5 / 3 «

(6)

This is valid for ortho concentrations X <
(Jt/Vo)3In ~ few %. For higher ortho concentrations, the HD molecules interact continuously with
the elastic deformation field. The motion is still diffusive, but now appropriate to that of a dense fluid.
The diffusion constant can be shown to be

1 for X > 0.1%

can satisfy the conservation of energy. The tunneling of ortho molecules is therefore severely quenched
for X > 0.1%. This observation explains why the
NMR spectrum of the isolated ortho molecules is not
motionally narrowed even though the HD spectrum
can be.
The order to interpret the NMR data we need
to formulate the diffusive motion of the HD molecules through the lattice and their "collisions" with
the ortho-H2 molecules. As a result of the tunneling the HD molecules are delocalized and migrate
through the crystal by repeated exchanges. The
good quantum number in this case is the wave vector
k rather than the position r{t). The energy dispersion is given by

The quantum diffusion of the HD impurities in
the gas-like "impuriton" (18) regime and the dense
fluid regime can be followed by NMR studies of
the transverse nuclear spin relaxation time T2 or
the linewidth of the CW absorption spectrum. The
transverse relaxation time determined from the free
induction decay (following a 90° RF pulse)

F(t) =< It(t)Ix(o) > I < ll >
can be simply related to the dephasing 6<f> of the J H
spins of the HD molecules during "collisions" with
the ortho-H2 molecules.

coll.

E{k) =

= exp(-n

where J< is the tunneling frequency. The group velocity for the motion is Vg = \dE/dk\ = ZAOJU
where Z is the co-ordination number.
The HD impurities will diffuse through the lattice until scattered by lattice imperfections. The
principal source of imperfections will be the elastic strain field surrounding the "static" ortho molecules. The strain field (at long distances) is assumed
to be of the form
n

Vxal(R) = VO(AO/R)

(5)

Vo ^ 10 mK. The distance of closest approach will
be Re ~ A0{yxailhJ)x!nFor very weak ortho levels, i.e. for mean ortho separations R » Rc, the
HD molecules behave as a gas and we can apply ordinary kinetic theory. One finds that the motion is
diffusive with diffusion constant Dg = Vgl where 1 is
the mean free path. Using a random walk model we
find

6<j?

where n = t/r c is the number of collisions in time
t. TC = D/v*
v* is the time between collisions. The
relaxation is exponential, F(t) = '/3*, with

J

x
Dg

Jt

(8)

for the impuriton gas regime and
-71
(9)
A< Dd
for the dense fluid regime.
The CW lineshape is the Fourier transform of
the FID, and we expect Lorentzian line shapes with
half width at half maximum given by 6 = I/T2.
The experimental results obtained in different
laboratories are compared with the theoretical predictions in Figure 6. The observed width 6 is linear
in ortho concentration for X < 2.5% and a factor
of approximately 8 smaller than the calculated rigid
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Figure 6. Variation of observed HD NMR linewidth 6 = T2 l with ortho-H2 concentration. Solid circles Duke
(17); open circles Ohio (22); triangles Florida (20).
lattice value (12). A cross-over to afluid-likeregime
consistent with the relaxation given by equation (9)
with n ~ 6 is also seen to occur for an ortho concentration Xc ~ 2.5%. The tunneling frequency J j can
be estimated from the experimental data by casting
equation (8) in the form
1.
T2

5* XM2{X = 1)
27Z
Jt

2/3

where MjfX- = 1) is the second moment for pure
orthohydrogen and Zc = (Jt/V 0 ) 3 ^ n is the concentration for the cross-over between the two regimes.
Using Xc = 2.5% and the linear concentration dependence of T2 in the impuriton regime wefindJt —
1.2 plus or minus 0.3 kHz at P = 0. The calculated
values of a few kHz given above are of course only
reliable to an order of magnitude, and the experimental result is certainly consistent with the many
particle exchange model. The real test for the model
is in the verification of the strong density dependence, and this is discussed in the next section.

IV.

Pressure Dependence
Age Effects

and

An important property of quantum tunneling to
be tested for in solid H2 is the, predicted density dependence. The exchange frequencies are expected
to be reduced by approximately 2 orders of magnitude with applied pressures of less than 100 bar, and
the NMR lineshapes of the HD impurities should accordingly be broadened by the application of a small
hydrostatic pressure. This has been tested recently
at the University of Florida (2) and while there is a
clear increase in 6 by approximately 50% (see Figure
7) for AP e s t = 20 bar, it is not as large as expected
from Table 1.
The effect is, however, enormous compared to
the change in the rigid lattice second moment
(~0.5%) for the same AP. These results imply that
the density dependence, while very important, has
been overestimated and the theoretical approach to
the density dependence in solid H2 should be reexamined.
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Figure 7. Temperature dependence of transverse nuclear spin relaxation time T2 and effect of aging at low
temperature. T2 is reduced by approximately 50% for a pressure increase AP = 20 bar.
One intriguing feature of the NMR results observed at both Duke and the University of Florida
is a marked "aging" effect of the relaxation time.
The values of T2 of a freshly grown sample, cooled
below 1 K for the first time, is observed to increase by a factor of approximately 2.5 over a 48
hour time scale. This is attributed to the very slow
clustering of ortho molecules into pairs. Because of
the quadrupole-quadrupole interaction, two orthos
align in a stable low energy Tee configuration (axes
mutually perpendicular), each ortho molecule then
has a well defined intra-molecular interaction which
results in a fine structure spliting of the ortho-H2
line into a doublet with 86 kHz separation centered
on the Larmor frequency. The HD spectrum is now
no longer on "speaking-terms" with the *H spectrum of the ortho pairs and the I* IJ components
of the HD-ortho H2 dipolar interactions is no longer
effective. The linewidth (TJ 1 ) is correspondingly
decreased by a factor of 4/9. This is close to the
observed trend.
In the recent experiments at Florida the trans-

verse relaxation times T2 were measured by "standard" 90x -I8O1 pulse sequences. This avoided errors in deducing T2 from free induction decays or
linewidths which suffer from the static inhomogeneous broadening due to magnetic field inhomogeneities. Experiments have also been carried out
using "solid echo" techniques (90x - 90y) and the
decay is appreciably different to the T2 values measured by the standard pulse sequence. The "solidecho" decay is especially sensitive to sample preparation and annealing, and this is not understood.
The HD line shape and the isolated ortho-H2 line
shape also appear to have a relative displacement of
approximately 250Hz. This was first observed at
low fields (12MHz) and essentially the same shift
has been seen at high fields (270MHz) (20). The
shift cannot be interpreted as a chemical shift. It
is interesting to note that there are weak interactions between isolated ortho-H2 molecules and edge
or screw dislocations which can lift the rotational
degeneracy of the ortho molecules to create a small
momentum component < J7 > with respect to the
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local crystal distortions (21). This would lead to
a small line displacement through the nuclear spinorbit (A / • J) coupling which would be field independent but strongly dependent on crystal orientation. This anisotropy and the expected temperature
dependence of such an effect should be sought for.

V.

Conclusion

The results of several experimental studies of the
nuclear spin-spin relaxation times T2 and the NMR
line shapes of HD impurities in hep hydrogen, for
ortho concentrations in the range 0.1-4%, all point
to a quantum tunneling motion of the HD impurities
and the ortho-H2 molecules results in a motion ally
narrowed line width and a T2 considerably longer
than the rigid lattice value.
The experimental results require a tunneling frequency JT — 1-2 kHz, which is smaller than, but
not inconsistent with the predictions of the multiple particle exchange model for quantum solids.
An essential feature of the model, the strong density dependence of Jt, has been tested for hydrostatic applied pressures up to 20 bar. While the
corresponding reduction by 50% of T2 is very much
larger than the change in the second moment for
this AP, the change is remarkably smaller than expected. This is not understood theoretically at the
present time. Another puzzle, the field independent
shift of ~ 250Hz between the HD and the ortho H2
NMR spectra also needs to be understood.
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