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Z. INTRODUCTION
Among the different forms of spectroscopy,
nuclear magnetic resonance (NMR) shows an
intimate connection between theory and experiment. NMR therefore enjoys great popularity in
the development of new methods. Following the
rapid development in electronic and computer
technology, NMR techniques evolved from singlechannel to multi-channel and multi-dimensional
modes. The original continuous wave (CW)
method (1-3) was extended to two dimensions
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with the introduction of double resonance (4-6).
The CW techniques were replaced by corresponding multi-channel methods because of signal-to-noise improvements resulting from broadband excitation. The routine NMR methods are
now one-dimensional (ID) (7,8) and too-dimensional (2D) (9-13) Fourier transform (FT) spectroscopy. The excitation energy is focused into a
few pulses per experiment and the spectrum is
computed from the experimental data by ID or
2D Fourier transformation.
A conceptually more difficult method is

stochastic NMR (14,15). It employs a random
excitation, which continuously supplies excitation
energy and leads to significantly reduced input
power. Again, the excitation spectrum is characterized by a broad frequency range, but the
frequency components do not exhibit a well
defined phase relationship. Sensitivity and resolution can be optimized separately in stochastic
NMR.
An abstract representation of a stochastic
NMR experiment is given in Figure 1. A nonlinear system is investigated which responds to an
input signal x(t) with an output signal y(t). In

Figure 1. System analytical abstraction of stochastic NMR. The magnetic spin system is
excited with radiofrequency noise x(t) and
responds with transverse magnetization y(t).

the experiment, records of both signals are
acquired. The NMR spectrum is derived from
the experimental data by extensive numerical
data manipulation involving correlation of excitation and response records. Multi-dimensional
cross-correlation leads to multi-dimensional spectra, which display information similar to 2D FT
spectra (16-19).
Section II reviews the historical development
of stochastic NMR spectroscopy and relates the
technique to methods in other fields of science.
Section i n summarizes the relevant background
on nonlinear system analysis. The theory of
stochastic resonance is interpreted in Section IV
in terms of pulse sequences for multi-dimensional
FT spectroscopy and illustrated by theoretical
spectra. The practical aspects of stochastic NMR
are covered in Section V. Some future trends
are indicated in Section VI.
II. GENERAL PERSPECTIVE
A. History of Stochastic NMR
The idea of stochastic NMR can be traced to
a paper by Primas (20) in 1961 on quantum
mechanical
systems
with
a
stochastic

Hamiltonian operator in extension to Kubo's
theory of fluctuation and dissipation (21-23). The
standard approach to relaxation requires that
the response of a driven quantum mechanical
systems is iteratively expanded into a perturbation series (24). The different order terms of this
series are defined by the powers of the perturbing Hamiltonian. In the field of nonlinear system
analysis such a series expansion is called a Volterra series (25). It serves to define the nonlinear
impulse response or after effect functions. The
Fourier transforms of the after effect functions
are called transfer functions, generalized admittances, susceptibilities, or multi-dimensional spectra.
For the description of nonlinear systems, a
Volterra expansion is of limited value only, since
it often diverges. However, for a white noise
perturbation with a Gaussian probability distribution, Wiener has shown that the system
response can be expanded into a simple convergent series with orthogonal functionals (26). The
different order terms of the Wiener series are not
defined by the power of the perturbation, but its
leading terms agree with the Volterra series.
Consequently the terms of both expansions have
a number of properties in common. The Wiener
series has found widespread use in science,
because 1) according to Wiener, white noise is
the most general test signal for the analysis of
nonlinear systems, and 2) the nonlinear after
effect functions are accessible via multi-dimensional cross-correlation of input and output
records (27).
Primas has established a basis for the noise
analysis of nonlinear systems in quantum
mechanics by expanding the response of a quantum mechanical nonlinear system into a Wiener
series. The first application of his theory to
nuclear magnetic resonance systems followed in
1963 by Ernst and Primas (28) with a paper on
NMR with stochastic high frequency fields. It is
based on Ernst's thesis (29) and investigates
double resonance with a strong stochastic perturbation. A comparative evaluation of the stochastic double resonance method led to the introduction of broad band noise decoupling in 1966
(30).
The first pure stochastic NMR data, however, did not appear until 1970, when Ernst and
Kaiser independently reported their experiments
in two succeeding papers in the Journal of Magnetic Resonance (14, 15). Ernst used shift register generated binary phase modulation of the
radiofrequency (rf) input, while Kaiser modulated the magnetic field with Gaussian probability. In either case the systems were driven liBulletin of Magnetic Resonance

nearly such that nonlinear response terms could
be neglected.

HNARY PSEUDORANDOM SEQUENCE

STOCHASTIC RESPONSE

unperturbed thermodynamic equilibrium state.
An interesting application of stochastic resonance to solvent line suppression was demonstrated by Tomlinson and Hill in 1973 (32). A
continuous string of radiofrequency pulses is
synthesized by inverse Fourier transformation
such that the excitation spectrum fits a predetermined pattern with zero intensity at the locations of solvent lines. In the same paper different
rf modulation schemes are evaluated. Two basic
approaches to modulate the flip angles in a
string of successive pulses are feasible (Figure

a—DFigure 2. Binary excitation pulse sequence (top)
and corresponding stochastic response (bottom)
of the *' F resonance of 40 vol. %
2,4-difiuorotoluene at a frequency of 56.4 MHz.
Cited with permission from ref. (14).

Figure 2 illustrates the input and output signals of Ernst's experiment (14). The excitation
record (top) is a binary set of flip angles and the
response record (bottom) is the resulting transverse magnetization. One-dimensional spectra
were obtained on a digital computer from complex multiplication of excitation and response
spectra. This data evaluation scheme is equivalent to one-dimensional cross-correlation of excitation and response records and subsequent
Fourier transformation. The two papers showed,
that in comparison with pulsed FT NMR, stochastic resonance
1) has the same sensitivity;
2) allows an independent optimization of sensitivity and resolution in contrast to pulsed FT
NMR (31);
3) reduces the problems in the receiving electronics associated with the large dynamic range
of impulsive signals;
4) reduces the peak excitation power such that
wider dynamic ranges may be covered;
5) admits coherent averaging of the system
response in connection with cyclic excitation;
6) will exhibit different saturation features. In
particular, the nonlinear response will involve
double resonance effects;
7) investigates the spin system in dynamic equilibrium with the excitation and not the
Vol. 7, No. 1
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Figure 3. Timing diagram of the excitation
sequence. The spin system is excited by a continuous string of equally spaced pulses with
either amplitude modulation (a) or pulse width
modulation (b). The receiver (c) is turned off for
a constant time period centered about each pulse.
The signal from the receiver is sampled (d) by an
analog-to-digital converter just before the
receiver is blanked for each pulse. Cited with
permission from ref. (32).

3). Either the amplitude at constant width or the
width at constant amplitude can be varied. A
negative flip angle is realized by a 180° rf phase
shift. In the first case a double balanced mixer is
employed, but the conditions for linear operation
are rather critical. Pulse width modulation
requires a slightly more complex timing sequence
in order to center the pulses at equidistant time
intervals, but it is insensitive to mixer and

amplifier nonlinearities. Thus, a nonlinear rf
amplifier can be used, which produces less noise
while the pulses are off. To avoid rf leakage
problems the receiver is blanked (33) for constant time intervals, which are centered at the
pulse midpoints. The magnetization is sampled
just before the receiver is blanked for each pulse.
Fourier synthesized excitation has also been
used for the observation of broad line transients
by multiple frequency modulation of a single
pulse (34). This method combines the observation
of a free induction decay of pulsed FT NMR with
low power broad band excitation similar to stochastic NMR.
With application to solvent line suppression,
the method of correlation NMR spectroscopy was
introduced by Dadok in 1974 (35-37). The spins
are excited by a fast linear sweep, which gives
rise to spectral distortions of the linear response.
The undistorted spectrum is restored by crosscorrelation of excitation and response. The excitation power spectrum covers a well defined
region and aliasing of response signals is
avoided. As in stochastic NMR, excitation power
requirements are low and spectra are computed
by cross-correlation.
The execution of a cross-correlation on a
digital computer is a rather time consuming process. However, for certain pseudo random input
signals the linear cross-correlation can be
replaced by a fast transformation of the
response. This idea has been realized in Hadamard NMR spectroscopy. The method was suggested by Ziessow (38) and introduced independently by Ziessow (39) and Kaiser (40). The
excitation is based on maximum length binary
sequences or m-sequences, which are generated in
m-stage shift registers (38, 39, 41). The output
of a shift register is a sequence of 2 m - 1 bits
(0,1) with a perfectly white power spectrum. The
values of the bits are used to shift the phase of
the rf excitation by +90 and -90 degrees,
respectively. Cross-correlation of the linear
response with such sequences is equivalent to
multiplication of the response with a Hadamard
matrix. For the multiplication a fast algorithm
exists (42), which, on account of the binary
nature of the m-sequences, is even faster than
the fast Fourier transformation.
The work reviewed so far has dealt with linearly driven systems only, where the output is
proportional to the input. Ernst has pointed out
already in 1969 that the nonlinear response of
nuclear spin systems should yield information
similar to that obtained in multiple resonance
experiments (43). However, efforts to formulate
a theory of stochastic resonance, which correctly
8

describes the linear as well as the nonlinear stochastic response encountered considerable difficulty. Already the linear solution of the stochastic Bloch equations produced unphysical results
(14). At this point a serious discrepancy between
the theory of stochastic differential equations
(44, 45) and physical reality was encountered.
While the Ito formalism of stochastic integrals is
mathematically more satisfactory, the Stratonovich interpretation gives the correct results. This
has been demostrated by Bartholdi, Wokaun
and Ernst in 1976 with a solution of the stochastic Bloch equations in the rotating frame
(46, 47). In particular, the saturation behavior of
the linear response is predicted in agreement
with experimental data and an evaluation of the
line intensities for multispin systems is given. In
his thesis (46), Bartholdi also evaluates the
third-order nonlinear response of the Bloch equations in the rotating frame.
The nonlinear response of nuclear spin systems was investigated in a more empirical manner by Blumich and Ziessow (13, 48). Starting
with an analysis of the characteristic saturation
lineshapes in Hadamard NMR spectroscopy, a
heuristic solution of the Bloch equations for arbitrary excitation was found in terms of a closed
expression for a Volterra series. After the advent
of 2D FT spectroscopy (9, 10) it was evident that
the nonlinear stochastic response should reveal
information similar to 2D NMR. Especially, the
indirect spin coupling should be detectable. Different experimental schemes were tried (18)
until the coupling information was indeed found
in terms of cross-peaks in a 2D spectrum, which
itself is a particular 2D cross-section through a
3D spectrum (49, 50). This cross-section not only
revealed cross-peaks for indirect coupling (18,
49, 51, 52) but also for chemical exchange (18,
49-51). The excitation in these experiments was
binary white noise, realized by a string of radiofrequency pulses with binary random phase modulation (52). A theory for the interpretation of
the data was developed in the general language
of time-dependent perturbation theory (18, 19,
51). It led to a definition of multi-dimensional
spectra different from multiple pulse FT NMR
and was able to explain the origin of the connectivity cross-peaks as well as the general lineshapes (19, 53). The characteristic saturation
behavior (16-18, 51), however, could not be
derived from it.
The general theory of stochastic NMR spectroscopy was developed by Kaiser and Knight
(54, 55) in 1982. It gives the exact solutions of
the density matrix equation of motion for crosscorrelations of arbitrary order with Gaussian
Bulletin of Magnetic Resonance

white noise input. The theory insinuates to
interpret the generation of multi-dimensional
stochastic NMR spectra in terms of multiple
pulse sequences similar to those encountered in
multi-dimensional FT NMR. It explains how
J-coupling, multiple quantum transitions, chemical exchange, cross-relaxation and relaxation
times enter stochastic NMR spectra (19, 53, 56).
This information is acquired summarily in a single stochastic experiment, because in contrast to
pulsed excitation, which can be tailored to focus
its energy on the measurement of specific effects,
white noise is the most general form of excitation
and thus is nonselective.
Recently, stochastic NMR has been tested on
a modern commercial high resolution spectrometer (57, 58). It was demonstrated that for strong
samples the multi-dimensional information can
be derived from data acquired in less time and
stored in less memory volume than necessary for
the data of just one 2D experiment with comparable resolution. The present state of stochastic
NMR will be reviewed in logical context in Sections IV and V.
B. Related Research
Apart from practical applications, stochastic
NMR is an excellent example for testing the
theories of stochastic differential equations (46,
47) and for studying the stochastic analysis of
nonlinear systems. Stochastic processes and stochastic nonlinear systems are of great interest in
current research in physics, chemistry and biology (59-62) and no attempt shall be made to
cover this vast field of research. Rather a variety
of fields is listed where stochastic nonlinear system analysis is applied, such that the method of
stochastic NMR can be related to other research
activities.
Two general classes are distinguished: the
system response may be modulated either by an
externally applied random force or by equilibrium fluctuations in the system itself. In order to
gain insight into the properties of the system, the
response is cross-correlated with the input in the
first class, while in the second class the auto-correlation of the response is formed.

chemical data measurement is given by Horlick
and Hieftje (63).
Cross-correlation has been utilized originally
for the detection of communication type signals
and signal filtering (64-66). In system analysis
the method was applied rather early for the
characterization of nuclear reactors (67, 68) and
electronic circuits (69). In analytical chemistry
new techniques evolved such as stochastic chromatography (70), stochastic faradaic admittance
measurements (71, 72), time-resolved fluorimetry (73-76), and stochastic photolysis (77). In
biology, noise excitation is extensively used for
the study of neural networks (78, 79). Also, the
Hadamard transformation is applied in infrared
spectroscopy (80-82).
Often, an advantage of stochastic over pulsed
excitation is that the system is not driven far
from equilibrium. This advantage, however, does
not apply to NMR, since the nonlinear response
to a single pulse of arbitrary flip angle is proportional to the linear response stimulated by a
vanishingly small pulse (48). Therefore the flip
angle can be optimized for maximum amplitude
of the linear response in NMR. A further advantage of stochastic excitation is the time multiplexing of the input. Deviations from ideality of
the input are averaged out, as long as the mean
of the excitation is zero.
Typically most of the system analytical techniques evaluate only the linear response, not
because the systems are all linear, but because
the linear response theory is best understood and
the experimental effort is relatively small. In the
study of electronic and neural networks often the
second-order response and rarely the third-order
response are evaluated as well. Stochastic NMR
is believed to be the first method which seriously
exploits the third-order response.
A method for the characterization of the
nonlinear response in rainfall-runoff processes
has been proposed in hydrology (83) with a
least-squares fitting procedure formulated
instead of the cross-correlation method. The
general theory of stochastic nonlinear system
analysis is covered in recent books by Marmarelis and Marmarelis (79), Schetzen (84), and
Rugh (85). Schetzen's book includes a historical
bibliography.

1. Systems Investigated by Cross-correlation
2. Systems Investigated by Auto-correlation
The mathematical term cross-correlation can
be translated into popular English with the word
comparison. The cross-correlation function of
two signals shows characteristic peaks, whenever the signals are similar or alike. A comprehensive introduction to correlation methods in
Vol. 7, No. 1

The auto-correlation of a signal measures the
coherence within the signal. For instance, if the
signal modulation arises from fluctuating molecules, the auto-correlation function reveals
information about the molecular motion (86, 87).

Given the size of molecules, light is often used in
correlation spectroscopy (88-92). Other correlation techniques extract chemical kinetic information from fluorescence (93) and conductivity
attenuation (94-96) measurements. The latter
methods depend upon spontaneous fluctuations in
local component concentrations. The development of auto-correlation methods shows great
promise for the study of kinetic phenomena at
equilibrium (63, 77).
/ / / . PERTURBATIVE DESCRIPTIONS OF
NONLINEAR SYSTEMS
A nonlinear system (Figure 1) transforms
the input signal x(t) into the output signal y(t) in
a nonlinear fashion. Since the details of the
transformation are unknown, the system
response is expanded into a series of the input.
The most popular expansions in nonlinear system analysis are the Volterra (25) and the
Wiener (26) series. A similar expansion is known
in quantum mechanics by the name of time-dependent pertubation theory (19, 51).
A. Volterra Series
The Volterra functional series (25, 97) has
been recognized by Wiener to be suitable for the
description of the input/output relation of nonlinear systems (26). The output may be expanded
into a power series of the input:

yt(t) =Jk1(r)x(t-r)dT,
d r

i'

x(t-r 1 )x(t-r 2 )x(t-r 3 )dT 3 dr 2 dr 1 .(l)
Each expansion term is a function of the input
function. A function of a function is called a
functional The time dependence of the functionals depends on the input as well as on the particular system. The system part reflects the memory of the system. For instance, the free oscillation of a pendulum in response to an impulsive
input demonstrates that while the response has
not completely relaxed, the system still memorizes the input. The memory time is given by the
damping constant of the free response. Most
systems encountered in real life have finite
10

memory and the impulse response dies away
with time.
For linear systems, the higher order responses yj, i > l are zero and the impulse response is
given by k.,. In NMR k t is the free induction
decay (FID). The functions kj are called kernels
in mathematics. The bar marks their invariance
against permutation of time arguments. The
number of arguments is specified by the index
and is equal to the order of the excitation product
in the functional. Since physical systems do not
anticipate an input, all kernels vanish if a time
argument assumes a negative value.
The input/output realtionship (eqn. 1) has
been formulated for time-invariant systems. For
time-dependent systems, the kernels also depend
on the time t. Complete knowledge of all kernels
entirely characterizes the system. In different
disciplines the kernels are called by different
names and often their Fourier transforms are
primarily referred to. The kernels are also
denoted as after effect functions or response functions of different order. Their Fourier transforms
are known as nonlinear transfer functions, generalized admittances, or susceptibilities, or as multidimensional spectra. The denomination of the
kernel Fourier transforms as spectra is rather
old in theory of nonlinear systems (98, 99).
Recently, their relationship to the multi-dimensional spectra encountered in FT NMR spectroscopy has been elaborated (19). Remembering
that k, is the FID, it is obvious to NMR spectroscopists to call its Fourier transform a spectrum.
The Volterra series is an expansion in terms
of nonlinear convolutions. Though the concept is
formally appealing, the series is often found to
converge slowly or not at all. For simulation and
analysis of the system response an expansion
with good convergence properties is needed. Such
an expansion was derived by Wiener from the
Volterra series by orthogonalization of functionals with respect to Gaussian white noise input
(26). Wiener has focused his attention on Gaussian white noise, because 1) noise is the most
general test signal for nonlinear systems, and 2)
the orthogonal expansion assumes its simplest
form for a Gaussian input distribution. The
Wiener series can be shown to converge in the
least squares sense.
B. Wiener Series
The Wiener Series is an expansion of the
system response to zero mean Gaussian white
noise input into a set of orthogonal functionals.
An orthogonal expansion is advantageous
Bulletin of Magnetic Resonance

whenever the system response is to be approximated in the least-squares sense by a varying
number of functionals or if the kernels are to be
computed by multi-dimensional cross-correlation.
The Wiener series is derived from the Volterra
series by Schmidt orthogonalization of higher
order functionals with respect to the lower order
ones. Consequently the lower order Wiener kernels involve parts of the higher order Volterra
kernels (79) and therefore depend on the_ input
power. Denoting the Wiener kernels by hj and
the second moment or power level of the Gaussian white noise input by M 2 , the first terms of
the Wiener series are given by (26, 27):

y,(t) =J > h 1 (T)x(t-r)dr )

output records. Cross-correlation has become a
fundamental tool in the noise analysis of nonlinear systems.
Unless two or more time arguments are
equal, the n'th order kernel is proportional to the
n'th order cross-correlation
_ < /y(t)x(t-a 1 ) - x ( t - a n ) d t =
(3)

The values of the cross-correlation for equal time
arguments depend on the particular distribution
function of the white noise input (18, 51, 79).
A multi-dimensional cross-correlation operation can be visualized in terms of a multiple

x(t)

nonlinear

y(t)

system

y 2 (t)=/7h 2 (r 1 ,r 2 )x(t-T 1 )iX
x(t—T 2 )dr
00

delay Oj

M,/h 2 (r 2 ,r

xjt-o,) J

y3(t)=/J/h3(ri)T2,r3)x(t-r1)X
x(t—T 2 )x(t—T
2.
(2)

The coefficients of the terms in the Wiener
functionals are the coefficients in Hermite polynomials (27). For zero mean white noise With
arbitrary distribution function the orthogonal
functionals up to third order are given in (18)
and (51). The power dependence of the Wiener
kernals is manifested in stochastic NMR spectroscopy by saturation broadening (16-18, 49,
51). For vanishing input power only the leading
term of each functional remains, and the Wiener
series approaches the Volterra limit.
C. Cross-correlation
The goal in system analysis is the determination of the kernels from input and output
records. Wiener originally proposed to expand
the kernels into a set of orthogonal functionals
and to determine the coefficients in a leastsquares fitting procedure (18, 26, 83). However,
Lee and Schetzen (27) showed in 1965 that the
Wiener kernels are most easily retrieved by
multi-dimensional cross-correlation of input and
Vol. 7, No. 1

Figure 4. Analog representation of a multi-dimensional cross-correlation.

delay averager (Figure 4). The input signal x(t)
is applied not only to the nonlinear system under
investigation, but also to a number of independent time delay devices. The delayed input signals are multiplied with the system response and
the product is integrated over time.
An example for a ID delay averager is the
Michelson interferometer (88, 100), which forms
the basis of Fourier infrared spectroscopy. The
white input light is split into two beams. One
beam passes through the sample and the other is
11

delayed by changing its path length with a movable mirror. Multiplication and integration of the
two modified beams is achieved in a slow intensity detector. The detector measures the square
of the sum or the two signals, which involves the
cross-product of interest. The integration time is
the detector response time, which is longer than
a period of the infrared signal by several orders
of magnitude. The time resolution of the interferometer is given by the resolution of the delay
o. Thus an analogue cross-correlator can achieve
high time resolution with slow devices. For slow
processes, such as NMR, input and output
records are sampled and the cross-correlation is
performed numerically on a digital computer.
D. Symmetry
In theory of nonlinear systems, kernels are
defined symmetric with respect to permutation of
time arguments. If an asymmetric kernel is
encountered, it can be symmetrized without
affecting the values of the functional simply by
averaging all kernels which arise from permutation of arguments (26)

NMR is a good example of how spectral information can be disguised by kernel symmetrization.
Nonetheless, symmetric kernels are useful
because their Fourier transforms can be computed rather quickly at selected spectral regions.
To distinguish symmetric from triangular kernels, symmetric ones are marked by a bar.
The different triangular kernels obtained by
permutation of arguments in eqn. 4 occupy different volume elements in multi-dimensional
time space. The sum of all volume elements fills
the entire time space. Symmetric as well as triangular kernels can be derived from input and
output records by multi-dimensional cross-correlation. For symmetric kernels the definition
ranges for the different delays are equal, while
for the computation of triangular kernels the
delays must be time ordered according to eqn. 6.
A particularity arises at the boundaries of the
triangular volume elements. If two or more time
arguments are equal, the corresponding excitation values are indistinguishable and the triangular kernel value is given by the value of the
symmetric kernel divided by the number of permutations of indistinguishable time arguments
(19, 85).
E. Time Dependent Perturbation

Theory

(4)

In mathematics, symmetric kernels are preferred because there is only one symmetric kernel for a given functional, but several asymmetric ones are possible. On the other hand, the
expansion used in conventional time-dependent
perturbation theory immediately leads to a Volterra series with asymmetric kernels (19). The
n'th order functional is given by

(5)

Its kernel vanishes outside the interval
0

< T,

=S T

1 •

(6)

Kernels with the definition range of eqn. 6
are sometimes called triangular kernels (85).
Such kernels obey the principle of causality in
the sense that the time arguments of the excitation product in eqn. 5 render the excitation values distinguishable. By symmetrization the time
variables are permuted and identical definition
ranges are introduced. This artificially destroys
the time ordered sequence of stimuli. Stochastic
12

Iterative approximation of the solution of the
density matrix equation of motion leads to a Volterra type expansion of a quantum mechanical
observable (19, 51). In spectroscopy the observable is usually related to a sample polarization in
response to an electric or magnetic field. The
integration limits in the nonlinear perturbation
functionals are time ordered as in eqns. 5 and 6.
The resulting kernels are given in terms of multiple products of decaying exponentials which
oscillate with the energy level differences of the
unperturbed sample. The susceptibilities are the
Fourier transforms of these triangular kernels.
They are multiple products of Lorenzian lines,
for example

H b a ( 1 ) K) =

(7a)

(7b)

Bulletin of Magnetic Resonance

H»

=
(8a)

X

(8b)
Y2(v) =

In these equations, a measures the excitation
amplitude, / x is the x-component of the dipole
moment operator, P 0 is the equilibrium density
matrix, r is a phenomenological relaxation rate
and a,b,c,d number succeeding energy levels. In
the second- and third-order susceptibilities (eqns.
7b and 7c), w^a and w ca resonate at sum and
difference frequencies of the input frequencies
« t , « 2 and « 3 . At resonance, the input frequencies are single quantum transitions. Consequently the higher order susceptibilities describe
multiple quantum transitions. They are responsible for a wide range of frequency mixing phenomena encountered in nonlinear optics
(101-105).
In contradistinction to NMR the optical wavelengths are small compared to typical sample
dimensions and the optical polarization is not
directly observed. The occurrence of sum and
difference frequencies in the optical response is
the result of scattering of induced sample polarizations. In NMR the wavelengths are large compared to the sample dimensions and the nuclear
polarization is monitored directly. Sum and difference frequencies in the response can be
observed with appreciable intensity only if they
arise at a Larmor frequency.
F. Frequency Domain

Analysis

Numerical computation of cross-correlations
is extremely time consuming and becomes
largely impossible if kernels higher than second
order are to be evaluated. In spectroscopy, however, the Fourier transforms, not the kernels,
are of primary concern. These can be obtained
directly in the frequency domain by slicing the
experimental excitation and response records
into sample records xj(t) and yj(t) and Fourier
transforming each record. The resulting sample
spectra Xj^) and Y^(v) are multiplied and averaged. From Fourier transformation of eqn. 3 one
obtains for first, second and third order (66, 106,
107)
Vol. 7, No. 1

3i<|X(v, )|2 jX(v 2)|= |X(v 3 )| 2
(8c)

where 2xv = «. The second moment has been
replaced by its frequency dependent estimate
M 2 = |X(v )| 2 . These formulas are valid only for
zero mean Gaussian signals (18,51).
The frequency domain technique yields
access to selected regions of a multi-dimensional
spectrum without having to compute the complete multi-dimensional kernel. Since the spectral regions of interest in NMR can be predicted
from the one-dimensional spectrum (eqn. 8a),
tremendous savings in computation times result.
The formulas for spectra of more than three
dimensions can be extrapolated from the given
ones, but no applications seem to have been published. This is attributed to increasing computational complexity as well as to decreasing signal
strengths. For the computation of higher order
spectra the lower order responses must be subtracted from the system response. Since in
practice the amount of experimental data is
finite, the different order spectra cannot be separated completely and the stronger signals of the
lower order spectra cross-talk into the higher
order spectra.
The frequency domain formulas yield the
symmetrized spectra H n . By Fourier transformation of eqn. 4 they are recognized as the
average of all asymmetric spectra which result
from permutation of arguments (19)

(9)

In order to relate the signals within a selected
region of a symmetric spectrum to the different
asymmetric spectra, it has been proposed to
transform the part of interest of H n into the time
domain, select a triangular kernel element and
13

back-transform it into the frequency domain
(56).
IV. THEORY OF STOCHASTIC NMR
The general theory of stochastic NMR with
Gaussian white noise excitation was formulated
by Kaiser and Knight (54, 55). By converting the
Bloch equations into an integral eqluation, the
previous method of solution (46, 47) was simplified and generalized. The theory yields crosscorrelations of the magnetization with arbitrary
powers of the excitation. These are neither
restricted to equal relaxation times nor to a
rotating coordinate frame.
The Bloch kernels exhibit different longitudinal and transverse saturation rates as well as a
phase shift of the y-component of the response
and a frequency shift of the resonance frequency
from the Larmor frequency. Within the validity
range of the Bloch equations, however, phase
and frequency shifts are insignificantly small
and the resulting multi-dimensional spectra
exhibit the same lineshapes (eqn. 7) as derived
by time-dependent perturbation theory (19, 53).
A response to odd order products in the excitation arises only in transverse magnetization,
while a response to even order products results
in longitudinal magnetization. This general feature is a consequence of the rotational symmetry
of the problem: the transverse magnetization is
proportional to the sine of the excitation flip
angle and the longitudinal magnetization is proportional to the cosine. Either function expands
into only odd or even powers of the excitation.
Thus the first nonlinear response in stochastic
NMR arises in third order.
The theory of stochastic NMR is based on
Gaussian white noise input with unit spectral
density. The input amplitude is traditionally
denoted by a (not to be confused with the delays
in Figure 4). Because of the normalization of the
input, cr has the physical dimension of Hz*. It is
approximately related to the root mean square
(rms) flip angle « r m s of a random sequence of
pulses by
(10)
where At is the pulse spacing.
The variance of the transverse magnetization
is a function of the excitation amplitude cr and of
the relaxation times (46, 47). There exists an
optimum excitation value aOpt> for which the
transverse response is maximal. The maximum
peak height in the fist-order Bloch spectrum is
reached for a value of o just below aQ t , that in
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the third-order spectrum for a value just above
opt (51> 53). Since the maxima are rather
broad, peak heights for ID and 3D spectra as
well as sensitivity are optimized simultaneously
in the response maximum.
The validity of solution of the stochastic
Bloch equations is confirmed by a numerical
simulation of a 2D cross-section through the
symmetric third-order spectrum (53). Different
ID cross-sections through the asymmetric
third-order spectrum can be employed for the
determination of longitudinal and transverse
relaxation rates independent of magnetic field
inhomogeneity. Other ID cross-sections exhibit
peaks at the line positions of the conventional ID
spectra but with saturation dependent linewidths, which, compared to the widths in single
pulse response spectra, can be narrower by a
factor of down to 0.66 in the response maximum
(53).
The stochastic density matrix equation of
motion was solved by the same method developed for the Bloch equations (55). The intricate
path of solution will not be repeated, but the
results of the multi-dimensional cross-correlations are rather simple. They admit a pictorial
interpretation in terms of a pseudo-pulse experiment, which is exemplified below with the thirdorder response.

u

A. Interpretation of Kernels
The n'th order triangular Wiener kernel of
the density matrix equation of motion is (55)
hn(r,>->rn) =

(ID

The result is general, but the notation will be
explained with respect to NMR. The operator C is
the effective Liouvillean
C = -i/f, D -

+ E.

(12)

Hg is the commutator with the Hamiltonian of
the unperturbed system. The imaginary term
defines the energy levels and accounts for crosspeaks in nonlinear spectra, which are based for
instance on the indirect coupling interaction. The
real terms determine the lineshape of the linear
spectrum and may also give rise to cross-peaks
in higher order spectra, f is the relaxation
matrix and E accounts for chemical exchange.
The term quadratic in the excitation amplitude cr
Bulletin of Magnetic Resonance

causes saturation broadening. It distinguishes
the effective Liouvillean from the Liouvillean of
the free precession.
A simulation has proven that the relaxation
matrix produces cross-peaks in the third-order
spectrum for cross-relaxing spins. Similarly
cross-peaks arising from intramolecular chemical
exchange have been simulated (56) as well as
measured (49-52). However, no peaks have been
observed yet, which originate in the saturation
term. The term should be expected to cause multiple quantum peaks from the absorption of several identical photons in the same way as multiple quantum signals are observed for critical
excitation levels in the CW NMR of strongly
coupled systems (108-110).
The matrix B is the linear term of the pulse
rotation operator expCia^^}. If Fx is the
x-component of the total angular momentum
operator, then B denotes the imaginary commutator with Fx, for instance
(13)
Consequently 6 performs an infinitesimal rotation and may be interpreted as a pseudo-pulse.
The right hand side of eqn. 11 can then be read
as the time evolution of an equilibrium density
matrix p under a multiple pseudo-pulse excitation with variable pulse separations T n _ i - T n - The
time evolution of the density matrix between the
pulses follows the effective Liouvillean C. The
fact that the pulses do not affect a finite rotation
is a consequence of the statistical independence
of the input.
The equilibrium density matrix p denotes the
spin statistics in equilibrium with excitation and
relaxation

-x,-

n
Figure 5. Time and frequency conventions in 3D
stochastic NMR and triple pulse FT NMR. In FT
NMR the pulses represent finite rotations of the
density matrix while in stochastic NMR they
represent infinitesmal rotations.

variables tj denote the separation of events. A
kernel written in the latter notation is called a
regular kernel (85). In accordance with the different time conventions a kernel may be Fourier
transformed either with respect to the TJ yielding
frequencies «j = 2JTV^ or with respect to the tj
yielding frequencies &j. In either case the result
is a multidimensional spectrum. The peaks,
however, are found at different coordinates (56).
The interrelationship of frequencies is given in
Figure 5. In the w-coordinate frame of multi-dimensional spectra all peaks occur at the crosscoordinates of single quantum transitions.
Fourier transformation of the triangular
third-order kernel yields the third-order susceptibility

(14)
In most cases the dynamic equilibrium density
matrix p is distinguished from the thermodynamic equilibrium density matrix p 0 only by
reduced population differences. Under rare circumstances, when two coupled resonances overlap such that a zero quantum transition frequency becomes comparable to or smaller than
some characteristic relaxation rate, zero
quantum elements will be excited (56).
The interpretation of eqn. 11 by a multiple
pulse experiment is illustrated in Figure 5 for a
three-dimensional kernel. Since the kernel acts
as a memory function, which relates different
events of the past to the present, the times TJ
count from the moment of observation into the
past. In triple pulse spectroscopy, the time
Vol. 7, No. 1

+« 2 )]" 1 B[C+w i r 1 B|p>. (15)
It can be written as a sum of various resonances
if effective relaxation rates r are introduced to
account for spin relaxation, saturation, and
exchange in eqn. 12. Then the kernel, eqn. 7c,
results, which has been derived by time dependent perturbation theory.
For the denominator to be at resonance, the
individual frequencies «j, i = 1,2,3, must correspond to single quantum transitions, since only
single quantum transitions are connected by
infinitesimal rotations B. The sum frequency
15

«, +» 2 +w3 must also be a single quantum transition in order to match F_. This can be
explained with eqn. 8c: the kernel is computed
from the response at the sum frequency. Since
the response is measured at the Larmor frequency, the sum frequency must be a Larmor
frequency just like the individual frequencies.
Therefore one frequency in the sum must be
negative. Positive frequencies signify absorption
and negative frequencies signify emission of rf
photons.
Reading eqn. 15 from right to left, the first B
converts population differences to single
quantum transitions. The second B establishes a
connection to neighboring transitions with the
sum coherence being a double quantum transition for progressive connectivity, a zero quantum transition for regressive connectivity or a
population difference if the transition of the first
B is reversed. The third B converts the population differences, zero and double quantum coherences to triple and single quantum coherences.
Since only the latter are measured, the experimental third-order susceptibility carries connectivity information in terms of population effects,
zero and double quantum transitions. Population
effects are either coherent differential longitudinal magnetization exchange due to indirect
coupling, or incoherent net longitudinal magnetization exchange caused by chemical exchange or
cross-relaxation.
In the third-order spectrum, the connectivity
information which involves two resonances (Larmor frequencies) arises from two quanta being
absorbed at two transitions which share an
energy level, and one quantum being emitted at
either one of the transitions. Thus all connectivity peaks for two resonances are found on subdiagonal 2D cross-sections through the third-order susceptibility, because such cross-sections
are characterized by two positive frequencies and
one negative frequency equal in magnitude to
one of the positive frequencies. There is a total of
6 such 2D cross-sections in 3D frequency space,
amounting to three pairs which separate the
connectivity types according to population
effects, zero quantum coherences and double
quantum coherences.

B. Simulated Spectra
Because experimental data are evaluated in
the frequency domain (cf. eqns. 8), the resulting
spectra are symmetric. The six sub-diagonal 2D
cross-sections through a symmetric 3D spectrum
are equivalent. Each is the average of the 6
sub-diagonal 2D cross-sections through the
16

asymmetric 3D spectrum (cf. eqn. 9). Figure 6
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Figure 6. Simulated real part of the sub-diagonal
2D cross-section Hg^,,»».,,-v2) through the
symmetric 3D spectrum of 2,3-dibromopropionic
acid. Negative signals are filled in black between
the outer two contours.

shows the real part of the simulated cross-section
H 3 (y 1 ,v 2 ,-v 2) through the symmetric 3D spectrum of a three spin system. The simulation
was based on eqns. 15 and 9. It is in excellent
agreement with the experimental 90 MHz proton
spectrum of 2,3-dibromopropionic acid in CDC13
(51). The ID spectrum appears along the diagonal. Positive and negative cross-peaks on the
corners of squares reveal the resonance connectivities. Negative peaks are filled in black. They
indicate progressive connectivity. Positive crosspeaks indicate regressive connectivity. The
arrangement of peaks is similar to the one in
correlated 2D spectra measured with a
90°-t,-45°-t 2 pulse sequence (10, 111). Crosspeaks between resonances which are not direct
neighbors in the energy level diagram do not
occur.
The share of signals in Figure 6 which arises
from population transfer is shown in Figure 7.
It is the sum of two cross-sections, through the
asymmetric 3D spectrum. The particular subdiagonal 2D cross-sections are identified from the
Bulletin of Magnetic Resonance
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Figure 7. The sum spectrum K3(v 2,-v 2,v ^)+
H 3 (-J' 2 ,»' 2 > J> 1 ) has the depicted pure absorption
mode real part. The cross-peaks arise from coherent longitudinal magnetization exchange.

condition that w 1 + w 2 = 0 must be fulfilled in
eqns. 7c or 15. They are H 3 (? 2 ,-" a , " , ) and
H 3 (-v 2 ,v 2 ,v 1 ). The peak positions in Figure 7
agree with those in Figure 6, but the lineshapes
are now pure Lorenzian. Some peaks, which do
not belong to a cross-multiplet originate in the
overlapping tails of resonances. Other than in
Figure 6, the average intensity of a cross-multiplet is now zero, unless the spins are also
coupled by chemical exchange or cross-relaxation. Chemical exchange causes strong positive
cross-peaks. For cross-relaxation the cross-peaks
are positive for long correlation times and negative for short correlation times (56) in agreement with 2D FT spectroscopy (112).
The 2D FT experiment for the detection of
longitudinal magnetization exchange employs
three pulses (113, 114). The pulse separation t 2
between the second and the third pulse is a fixed
mixing time. The 2D Fourier transformation is
applied with respect to the separation t, of the
first and the second pulse and the detection
period t 3 after the third pulse. The stochastic 3D
spectrum also includes a Fourier transformation
over the mixing time, so that peak intensities
Vol. 7, No. 1

there reflect the integral over all mixing times.
A further difference between 2D and stochastic NMR results from the difference between
real pulses and pseudo pulses: in 2D FT
exchange spectra coherent longitudinal magnetization exchange does not contribute to crosspeaks, but multiple quantum coherences do
(112-115). In stochastic NMR the situation is
inverted. Multiple quantum contributions are not
found in the cross-sections in question, but
cross-peaks
from
coherent
magnetization
exchange superpose exchange peaks. One way to
discard the coherent exchange peaks is to replace
each peak by the average of the cross-multiplet.
Sub-diagonal 2D cross-sections with zero or
double quantum peaks are identified in the
third-order susceptibility eqns. 7c or 15 by o^
and w2 having opposite signs or the same sign,
respectively: Figure 8 shows the magnitude
mode of the zero quantum cross-section
H 3 {-v ,v i ,v 2 ) and of the double quantum crosssection H 3 (" 2 ,",,-" 2 )• T n e z e r o quantum crosspeaks are found at the positions of the peaks
indicating regressive connectivity in Figure 6 and
the double quantum cross-peaks at the positions
indicating progressive connectivity. The lineshapes of the peaks in the different cross-sections are discussed in (53, 56). The peak amplitudes do not add consistently so that apart from
strong coupling effects, positive and negative
cross-peaks in the cross-section (Figure 6)
through the symmetrical spectrum show different intensity.
Spectra with zero or double quantum peaks
at the cross-coordinates of single quantum transitions are rather easy to interpret. In 2D FT
spectra, however, multiple quantum peaks are
traditionally displayed at their actual multiple
quantum frequencies. This is a convention based
on the generating pulse sequence (cf. Figure 5),
which requires a fixed preparation time t,. A 2D
Fourier transformation is performed with respect
to t 2 and t 3 (10). Stochastic zero and double
quantum spectra can be transformed into this
coordinate frame with the introduction of difference and sum frequencies (Figure 9). Mareci and
Freeman have pointed out that inspection of the
tilts of the cross-peak multiplets yields the relative signs of the coupling constants (116).
It is interesting to note that the double quantum signals can be isolated from the symmetric
3D spectrum if the input consists of two independent noise sources in quadrature (56). Unfortunately the peak amplitudes in the two double
quantum sub-diagonal 2D cross-sections have
opposite sign, so that apart from lineshape
effects, the sum of the 2D double quantum
17
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Figure
8.
Zero
quantum
cross-section
|H3 (-J» 2 ,v f ,v 2 )| (top) and double quantum crosssection |H3 (fj.f, ,-v 2 )| (bottom). The peaks occur
at the cross-coordinates of single quantum transitions.

spectra vanishes.
The third-order susceptibility of coupled spin
systems also exhibits cross-peaks, which do not
lie on a sub-diagonal 2D cross-section. One such
18

Figure 9. Introduction of a difference and a sum
frequency axis transforms the peaks in Figure 8
into zero quantum frequencies (top) and double
quantum frequencies (bottom).

cross-peak identifies three different resonances,
which belong to a ring of four in the energy level
diagram (51).
Stochastic excitation can also be employed in
heteronuclear experiments. Both nuclear species
Bulletin of Magnetic Resonance

A and X shall be excited by the same input. If
the response of species A is evaluated, then the
3D spectrum exhibits the cross-peaks of A with
A and of A with those of nuclei of X, which are
coupled to A (51). Heteronuclear stochastic NMR
with two independent noise inputs has not been
investigated yet.
V. PRACTICE OF STOCHASTIC NMR
The practical aspects of stochastic NMR are
treated in (52). A commercial spectrometer has
recently been converted to enable stochastic
NMR in liquids (58). A detailed account of this
work is available in a report (57). It includes
complete circuit diagrams and program listings
of the spectrometer modifications.
A. The Experiment
Most stochastic NMR experiments have been
performed with a randomly modulated string of
rf pulses as input. The basic timing diagram is
given in Figure 3. Binary excitation is most easily realized with random shifts of the rf phase
through +90 and -90 degrees. This introduces a
random sequence of pulses with flip angles +ex
and —oe. In general, binary excitation is not feasible for the investigation of the nonlinear
response, since kernel regions with two or more
equal time arguments are underdetermined
(117). It has been shown, however, that in the
special case of NMR, the sub-diagonal 2D crosssection through the third-order spectrum can still
be retrieved without error (18, 51). For the
unambigous determination of the complete
third-order spectrum, noise input with four or
more levels is required. It is readily generated by
pulse width modulation (cf. Figure 3) (57).
The random sequence of numbers used for
modulation is generated either by hardware or
by software. Since a copy of the input is required
for data processing, either the generating algorithm should be known, a copy should be resident
on a data carrier, or the input values must be
acquired simultaneously with the response. In
the last case three analog-to-digital converter
channels are needed to enable quadrature phase
detection of the response. Shift register generation of binary excitation for investigation of the
nonlinear response is unsuitable because of
unfavorable higher order auto-correlation functions of m-sequences (118). In experiments with
binary excitation the phase values were therefore often derived from the signs of sampled
Gaussian white noise (18, 49-52).
In stochastic 100 MHz proton NMR a typical
Vol. 7, No. 1

flip angle is 3 degrees. Apart from the spectral
width, the rms flip angle or the excitation amplitude is the only parameter to adjust in a stochastic experiment. It is tuned for maximum
oscillations in the transverse magnetization
either by feedback from the response or on the
basis of estimated relaxation times and experience. After acquisition of 10' to 10' input and
output values the experiment is terminated or
repeated with the same excitation for coherent
averaging of the response. The actual stochastic
experiment is as simple as a CW experiment.
The amount of information gained, however, is
considerably more. Stochastic NMR acquires a
large amount of information with a small
amount of spectrometer time and experimental
difficulty.
The stochastic raw data can be stored at low
digital resolution (52, 57, 58), because the signalto-noise ratio of the final spectra is determined to
a large degree by systematic noise as a result of
the finite amount of raw data. The discretization
noise of the raw data is considerably reduced by
the formation of averages (cf. eqns. 8) when calculating the spectra.
B. Data

Evaluation

The simplicity of the stochastic NMR experiment is contrasted by more sophisticated data
treatment. Once, however, the appropriate software has been designed, the experimenter will
only have to ask for the conventional first-order
spectrum, and after inspection possibly request
higher spectral resolution or additional information on indirect coupling, chemical exchange,
cross-relaxation, or relaxation times of selected
multiplets. The answers to all these questions
can, at least in principle, be obtained from a single set of experimental raw data.
The information is derived from the evaluation of multi-dimensional spectra (19, 53, 56), in
particular the ID and 3D spectrum. Ordinarily
they are computed in the frequency domain
according to eqns. 8a and 8c: the experimental
record of data is sliced into sample records of
equal length. All sample records are Fourier
transformed. The resulting sample spectra are
multiplied and averaged. Depending on the
length of the sample records, spectra with different frequency resolution are obtained. The four
ID spectra in Figure 10 (57) have been computed with different resolution from the same
31800 input and output data pairs. Careful
inspection shows that the noise level does not
depend on the spectral resolution. It is primarily
a function of the total number of data.
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Figure 10. ID magnitude spectra of acetylacetone and ethanol in acetone-de. All spectra have
been computed from the same 31800 data pairs
but the length of the sample records varied from
256 to 512, 1024 and 2048 data, resulting in
different spectral resolution Av. The magnetization was scaled to less than 6 bits digital resolution.

The coupling information is gathered from
the sub-diagonal 2D cross-section through the 3D
spectrum. It is calculated for a series of frequency windows which are selected for the lines
of interest in the ID spectrum. Figure 11 gives
an example. The data were measured with
four-level excitation on a modified Varian XL200
spectrometer (57, 58) and evaluated on an IBM
3032 computer. The spectra have been computed
from 10' data pairs which have been stored in 1
megabyte on disk. Each byte reserved 6 bits for
the magnetization and 2 bits for the excitation.
The data acquisition time was 25 minutes. The
ID spectrum was computed in 3 minutes; each of
the 128X128 point 2D spectra was computed in 7
minutes. The 2D spectra have been phase
adjusted in direction v % with phase angles determined from the linear spectrum. They were then
smoothed with a digital filter and symmetrized
with respect to the diagonal (119) in order to
reduce systematic noise and cross-talk from the
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Figure 11. Spectra of acetylacetone and ethanol
in methonol-d4 which have been computed from
10' excitation and response data pairs. Top:
first-order ID magnitude spectrum. The water
resonance has been folded to 420 Hz. Middle and
bottom: sub-diagonal 2D cross-sections through
the symmetric 3D spectrum for the ethanol and
acetylacetone multiplets. Negative peaks are
marked in black. The top and middle spectra are
cited with permission from ref. (58).

ID spectrum. It should be noted that a 2D FT
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experiment with comparable spectral resolution
would require 60 minutes acquisition time and
four times as much data storage volume. This
difference is a consequence of the higher digital
resolution and of the rigid pulse timing schemes
in 2D FT NMR. These pulse schemes demand
acquisition of a minimum number of data
regardless of the signal intensity.
The different steps in the evaluation of the
nonlinear response are summarized as follows:
1) Determination of the frequency windows of
interest from the first-order spectrum.
2) Computation of the sub-diagonal 2D cross-section through the symmetric third-order spectrum
at the coordinates of interest. High frequency
resolution is necessary, so that application of a
noise filter does not lead to intolerable line broadening.
3) Phase correction in direction v y with phase
values determined from the ID spectrum.
4) Filtering of systematic noise.
5) Symmetrization of the cross-section with
respect to the diagonal, possibly followed by
additional filtering.
6) Two-color contour plot of the 2D cross-section
for the discrimination of positive and negative
peaks.
Indirectly coupled signals are identified by
rectangular groups of cross-peaks with symmetrically alternating signs of the peak amplitudes.
Chemical exchange and cross-relaxation lead to
either positive or negative cross-peaks only. In
the presence of indirect coupling the peak amplitudes of all effects are superimposed. To separate coupling from exchange or cross-relaxation
peaks, the symmetric 3D spectrum must be
decomposed into its asymmetric constituents by
inverse Fourier transformation (56). Then the
magnetization
transfer
cross-sections
H
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lated and the average formedd of a cross-peak
multiplet in the sum of these two spectra. The
result is different from zero if chemical exchange
or cross-relaxation are present.
The decomposition of a symmetric 3D spectrum still needs to be confirmed with experimental data. The same applies to the existence of
cross-relaxation peaks and the determination of
relaxation times. The latter can be derived from
a least-squares fit of selected theoretical ID
cross-sections through a 3D resonance to experimental cross-sections, provided the excitation
amplitude cr is known (53). It remains to be seen
how accurate the method proves to be. Furthermore, it still needs to be investigated how far
conformational information can be derived from
stochastic cross-relaxation peaks, because they
Vol. 7, No. 1

correspond to an integral of mixing times in 2D
FT NMR. A stochastic 2D cross-relaxation spectrum for a fixed mixing time can be derived from
the raw data only by explicit cross-correlation in
the time domain.
Stochastic zero and double quantum spectra
are not believed to yield new information other
than multiple quantum relaxation times. They
essentially separate the regressive and progressive cross-peaks into different spectra. The same
connectivity information is available from the
phase of the cross-peaks in the symmetric 3D
spectrum.
The simplicity of the experiment together
with an appropriate software support for data
evaluation designate stochastic NMR as a suitable candidate for highly automated nuclear
magnetic resonance. The fundamental difference
to other NMR methods is that stochastic NMR
measures information nonselectively, while with
tailored excitation schemes information is measured selectively. Stochastic excitation may be
regarded as the sum of all tailored excitation
sequences. Consequently spectrometer time is
saved in stochastic NMR at the expense of computer time.
VI. DEVELOPMENTS IN STOCHASTIC
RESONANCE
A. Time Resolved CIDNP Spectroscopy
In a chemically induced cfynamic nuclear
polarization (CIDNP) experiment two input signals are transformed into one output signal in a
nonlinear fashion. Input 1 stimulates a chemical
reaction. It is usually light, which is modulated
in amplitude. Input 2 is a rf signal, which is
modulated in amplitude, phase or frequency. The
chemical stimulus creates a nuclear non-equilibrium state, which is interrogated by the rf
input.
A particularly simple situation is created in a
double pulse experiment. The first pulse is the
chemical stimulus and the second is a rf pulse,
which probes the progress of the stimulated
reaction (120). This scheme has become the
basis for fast submicrosecond time resolved flash
photolysis (121). The time resolution of the
double pulse experiment is limited by the length
of the interrogating rf pulse, which itself is bound
by the input power.
Random modulation of both input signals
preserves the broadband character but drastically reduces the power requirements. In a theoretical study (122) it has been shown that the
double pulse information can be obtained from
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the second-order triangular cross-kernel in an
experiment with two independent random binary
inputs: amplitude modulated light and phase
modulated rf. In multiple input nonlinear system
analysis (69, 79) the cross-kernels relate to different inputs, while the auto-kernels relate to
only one of the inputs.
The second-order cross-kernel for the CIDNP
experiment is favorably retrieved by analog online cross-correlation for fast processes. In this
way rapid sampling rates are avoided. The kernel transforms into a stack of pure CIDNP spectra. Each individual spectrum reflects a momentary state of the stimulated chemical reaction, so
•that the complete stack of spectra reveals the
evolution of the reaction. It can be expected that
this concept will also find application for the
investigation of other time-dependent processes,
such as dielectric and mechanic relaxation of liquid crystals or polymers.
B. NMR Imaging
The NMR imaging experiment (123) aims at
the measurement of the spin density distribution
as a function of space coordinates. For enhancement of image contrast in living tissues, the
retrieved spin density should be weighted with a
function of transverse and longitudinal relaxation
times T1 and T 2 . To achieve spacial resolution it
is necessary to apply time-dependent magnetic
field gradients across the sample. Thus there are
four variables in an imaging experiment:
1) the shape of the radiofrequency input signals
and
2-4) the modulation of x, y, and z gradients.
Consequently the imaging system is either a four
input time-invariant system or a one input timedependent system where the time dependence is
imposed by the field gradients.
Stochastic excitation in NMR imaging has
three advantages over conventional methods
with sparsely pulsed rf input:
1) The excitation power is reduced by several
orders of magnitude.
2) Since no deterministic pulse cycle exists, every
additionally acquired data point increases the
quality of the entire image.
3) For slowly moving objects, reconstruction of
the image can be restricted to those data, during
the acquisition of which the object was in
approximately the same state.
When treating the imaging system as a linear time dependent system the spin density distribution can be retrieved under certain conditions by cross-correlation of the transverse
magnetization with the product of the rf
22

excitation and functions of the field gradients. A
particular three-dimensional imaging scheme
with stochastic rf input and random field gradient modulation has recently been proposed (18,
124). T2 contrast is varied in the image by
selection of different time delays in the crosscorrelation and T1 contrast is achieved by proper
selection of the rf excitation level during the
experiment.
C. Stochastic ENDOR
In electron
nuclear double resonance
(ENDOR) spectroscopy (125), the electron spin
resonance (ESR) is observed as a function of the
NMR frequency. Due to the presence of radicals,
the nuclear resonances may cover spectral
widths of the order of MHz. Long nuclear relaxation times often impede rapid repetition of
experiments. It has been shown (126, 127) that
instead of a linear sweep, pulsed excitation at
pseudo randomly selected nuclear frequencies
circumvents the relaxation time problem and
leads to increased measurement efficiency.
The ESR response is acquired as a function
of the excitation frequency and accumulated for
reoccuring frequencies. The frequency coordinates are selected in a way to insure that the
average excitation history is the same for all
frequencies. If the excitation amplitude is kept
constant, then the response is proportional to the
NMR spectrum plus a frequency independent
term which involves the nuclear relaxation
times.
D. Outlook
The primary accomplishments of stochastic
NMR so far are, that development of the technique has significantly contributed to the understanding of stochastic differential equations and
the perturbative noise analysis of nonlinear systems. These results are a consequence of the
close connection between theory and experiment.
The experience gained is expected to fertilize
methodical research in other areas of science. In
the past, for instance, the progress in nonlinear
optics has benefitted significantly from methodical developments in NMR (128-133). The similarity of NMR and nonlinear optics is put into
evidence, for instance, by the formal agreement
of the nonlinear susceptibilities. The interpretation of the generation of multi-dimensional kernels in terms of multiple pseudopulse sequences
has helped to develop new methods in time
resolved spectroscopy and NMR imaging.
Stochastic excitation is distinguished from
Bulletin of Magnetic Resonance

continuous wave and sparsely pulsed excitation
by low input power in connection with large
bandwidth. This important property cannot be
exploited in high resolution NMR in liquids,
because here, excitation power is not a restricting factor. The situation is different in fast time
resolved spectroscopy, imaging and wideline
NMR in solids. The required large spectral bandwidths, however, need fast modulation rates and
receiver deadtime is expected to demand careful
attention.
The unique attributes of stochastic NMR are
1) that no minimum time for a data acquisition
cycle exists, so that, at the expense of signal-tonoise ratio, strong samples can be investigated
faster with stochastic NMR than with pulsed FT
NMR. 2) Stochastic excitation extensively tests
the sample and measures a maximum amount of
information in a single experiment. This feature
will be of particular interest for the investigation
of short-lived samples and samples with little a
priori information. 3) An experiment with stochastic excitation is particularly simple to perform and the data processing is rather complex.
The last feature is likely to stimulate application and development of new data processing
schemes. In particular, the various methods of
time series analysis (134) known in geophysics
have not been exploited yet. With regard to the
slicing of the experimental raw data into sample
records for the computation of the spectrum, it
can be expected that spectral estimation (135) of
the sample records by means of the /naximum
entropy method (MEM) (136) instead of an ordinary Fourier transformation will lead to
increased resolution with shorter records. MEM
extrapolates the length of a given record such
that its entropy is maximized (137). Application
of such techniques should balance some of the
signal loss induced by grouping functionally
related response data points into independently
used sample records.
Other stochastic stimuli such as multi-level
constant amplitude random phase signals
deserve investigation with regard to excitation
and saturation properties. The results will be of
interest to the understanding of strongly driven
atomic transitions in LASER noise fields (138).
So far stochastic NMR has only been applied
to the measurement of 1 9 F (14) and protons.
Single phase detection has been used throughout.
Applications to x 3 C, heteronuclear systems and
solids have not been reported yet. Further practical experience is needed to determine how far
stochastic NMR will turn out to be a competitor
to presently established NMR methods.
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